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Resumen

En esta tesis estudiamos la accién de determinados operadores en ciertos espacios
clasicos de funciones analiticas en el disco unidad del plano complejo.

Sean D = {z € C : |z| < 1} el disco unidad y T = {z € C : |z| = 1} la circunfe-
rencia unidad del plano complejo C. El espacio de todas las funciones analiticas en
D sera denotado por Hol(D). Si0<r <1y f € Hol(D), definimos

1

27 ) %
M0 = (50 [ 1enpas)” o<y <o,

Mo (r, f) = max |f(re”)].

0<6<2r
Para 0 < p < o0, el espacio de Hardy H? estd formado por las funciones f € Hol(D)

tales que
W fl e = lim M,(r, f) < oc.
r—1

Referimos a [27] y [39] para la teorfa de los espacios de Hardy y operadores entre
ellos.

Si0 < p < ooya > —1, el espacio de Bergman AP es el formado por las
funciones f € Hol(D) tales que

1F1laz < ((a +1) / (1- IZIQ)a\f(z)lpdA(z))l/p < .

El espacio A} es denotado simplemente por AP. Aqui, dA(z) = %dw dy denota la
medida de Lebesgue normalizada en ID. Mencionamos [29, 49, 75] como excelentes
referencias generales para la teoria de los espacios de Bergman.

Sil<p< ooy % + 1% = 1, el dual de H? se puede identificar con H? y la
misma situacién ocurre con A? y Ag. Sin embargo, si p = 1 la situacion difiere

de la anterior y el teorema de dualidad de Fefferman asegura que el dual de H! se
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identifica con BMOA [39, 41], el espacio de las funciones f en H! cuyos valores
frontera tienen oscilaciéon media acotada en T. La identificacién del dual de Al con
el espacio de las funciones de Bloch B [9], formado por las funciones f € Hol(D)

tales que
/115 = [f(0)] + Slelg(l — 2P| f'(2)] < o0

es también conocida [9, 75] y ha sido muy 1til para el desarrollo de la teoria de
espacios de Bergman. Indiquemos que se tiene que H* C BMOA C B.

El espacio de tipo Dirichlet D2 (0 < p < o0, @ > —1) es el formado por las
funciones f € Hol(D) tales que f' € AP. Por tanto, si f es una funcién analitica en

D, se tiene que f € DP siy solo si

def
118 & 1O + 1717, < oo

Es bien sabido que si p < o+ 1 entonces DE, = A}, (véase, e.g. [32, Theorem 6)).
Sin embargo, si p > a + 2 entonces D2 C H*. Por tanto, diremos que D? es un
“espacio de Dirichlet propio” cuando a+1 < p < a+2. Se tiene la siguiente cadena

de inclusiones
DPCcHPC A%, O0<p<oo,—l<a<p-—-1,8>-1

Entre los espacios de tipo Dirichlet D2, los espacios Dg_l (0 < p < 00) tienen una
importancia especial por su estrecha relacion con los espacios de Hardy. Indiquemos
aqui simplemente que se tiene que D} = H? y que D) | C H? para 0 < p < 2,
mientras que H? C D) | para 2 < p < oo [32, 53, 71].

Para g € Hol(D), el operador de multiplicacién M, estd definido por

M,y(f)(2) = g(2)f(2), f€Hol(D), z€D.

Si X e Y son dos espacios normados (o de Fréchet) de funciones analiticas en
D que estan continuamente sumergidos en Hol(D), M (X,Y’) denotara al espacio de

los multiplicadores de X en Y,
M(X,Y)={g € Hol(D): fgeY, paratoda fe€ X},

v ||Mgl||(x-y) denotara la norma del operador M,. Aqui debemos resaltar que,

utilizando el teorema del grafo cerrado, se deduce que si X e Y son completos se
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tiene que si M,(X) C Y entonces M, es continuo de X en Y. Si X =Y, escribimos
simplemente M (X) en lugar de M (X, X).

Es bien sabido que M (X) C H* [4, 7T1]. Este hecho implica facilmente que, para
todo p > 0 y todo @ > —1 se tiene que

M(HP) = M(A?) = H*,

Sin embargo, para un buen nimero de espacios X se tiene que M (X) es un subes-
pacio propio de H* y también debemos resaltar que para X # Y el espacio de

multiplicadores M (X,Y’) puede no estar contenido en H.

Para estudiar la accion del operador de multipicacién en un cierto espacio X es
a menudo conveniente considerar la accién de dos operadores de integracion muy
intimimante relacionados con el de multiplicacién y que tienen interés propio, los

operadores I, y T,, definidos como sigue

1,()(z) & /0 WO () de. f € Hol(D), = €D,

T,(f)(z) / GO de, f € Hol(D), = € D,

La relacién

f(2)g(2) = £(0)g(0) + Ty (f)(2) + Io(f)(2),  f.9 € H(D)

permite comparar, trasladar y utilizar los resultados obtenidos para estos dos ope-
radores integrales al estudio del operador de multiplicacién M,.

El operador T}, ha recibido otros muchos nombres en la literatura, entre ellos el
de operador de tipo Volterra (la eleccién g(z) = z da lugar al operador de Volterra)
u operador de Ceséro generalizado (el operador cldsico de Ceséro se obtiene cuando
g(z) =log é) El estudio de operadores integrales juega un papel determinante en
el desarrollo y comprensiéon de otros temas, como la teoria de funciones univalentes
[65], teoremas de factorizacién [2, 62] o andlisis arménico [17]. Recordemos que
Pommerenke probd en [65] que T, es acotado en H? siy sélo si g € BMOA. Este
resultado fue generalizado en [7] por Aleman y Siskakis que probaron que la condicién
g € BMOA caracteriza a las funciones g € Hol(D) para las que T}, estd acotado en
H? (1 < p < o0). Aleman y Siskakis también caracterizaron las funciones g para las

que T}, es compacto en H? (1 < p < oo) y aquéllas para las que T, pertenece a la
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clase de Schatten S,(H?) (0 < p < 00). Aleman y Cima [2] consideraron la cuestion
de caracterizar las funciones g para los que T}, aplica H? en H? para distintos valores
de p y q y subsecuentemente se han estudiado distintos aspectos de la accién del
operador T, en espacios de Bergman y espacios de Bergman con pesos y en BMOA
8, 3, 6, 58, 62, 68].

Los operadores de multiplicacion M, y los operadores integrales T, e I, actuando
sobre espacios de tipo Dirichlet han sido extensivamente estudiados en muchos tra-
bajos (vésase, por ejemplo, [11, 36, 44, 45, 71, 72]). Especial atencién merecen por
su naturaleza singular y dificil comprensién los espacios D) ; (0 < p < o0). En
[45, 36] se prueba que no existen multiplicadores no triviales entre D) ; y Dj_; si
q # p, lo que viene fuertemente motivado por el hecho de que los espacios Dg_l no
estan anidados. Sin embargo, si X es un subespacio del espacio de Bloch B, se tiene
que

D, NXCD;  NX, 0<p<q<oo,

lo que conlleva a que, bajo estas hipdtesis, el espacio de los multiplicadores de
D£—1 N X en Dg—1 N X no sea trivial y hace que la siguiente pregunta, que es el
objeto de nuestro trabajo en el capitulo 2 de la tesis, surja de forma natural:

S10 < p,g< ooy X esun subespacio de B, ;Cudles son las funciones g €
Hol(D) tales que My es acotado de Dy, N X en D]  NX?

Podemos plantear la misma pregunta con los operadores integrales T, e I, en

lugar del operador de multiplicaciéon M,. Estudiamos estas cuestiones cuando X es

H>, BMOA y B.

Empecemos considerando el caso X = B. El espacio M (B) de los multiplicadores

de B en si mismo es conocido (véase [10, 15, 74]). En efecto, se tiene que
M(B) = Biog N H*,
donde By, es el subespacio de B formado por las funciones g € Hol(D) tales que
2 ! €
ilel]g(l — [2[9)]g' ()] 10g1_—|z|2 < 0.

Utilizando técnicas semejantes a las de Brown y Shields en [15] y estimaciones
de las medias integrales de las funciones en B y en los espacios de tipo Dirichlet,
hemos probado que para p > 1 el espacio M(B N D, ;) coincide con M(B). De

hecho, tenemos:
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Sil<qy0<p<q<oo, entonces, M(BND;_,,BND; ;)= M(B).

Por el contrario, hemos probado también que si 0 < ¢ < p < oo, entonces M (BN
Dy ,BND;_,) = {0}. Para probar este resultado hemos tenido que distinguir varios
casos y las demostracién en cada uno de dichos casos han seguido ideas distintas.
Asi, en los casos 2 < g < 00y 0 < g <2< p < oo hemos hecho uso de propiedades
de los conjuntos de ceros de las funciones en los espacios bajo estudio [42, 43]. Por su
parte, nuestro trabajo en el caso 0 < p < 2 ha utilizado series de potencias aleatorias
y, concretamente, de la desigualdad de Khinchine [27, Appendix A].

El caso 0 < p < ¢ < 1 ha resultado mas complicado y no esta totalmente cerrado.

Senalemos que la inclusién
M(BND, ,BND; ;) C M(B),

es cierta cualesquiera que sean p,q. Por otra parte, hemos demostrado que
MB)\D]_ #0, si,0<qg<]1,

resultado que nos permite deducir para 0 <p < ¢ <1
MBND;_ ,BND; ;)< M(B),

en contraste con lo que sucede si ¢ > 1.

Para construir una funcién f € M(B)\ D}, (0 < ¢ < 1) hemos tenido que
obtener un refinamiento de un resultado de Fournier [33] sobre interpolacién de
coeficientes de Taylor (a lo largo de sucesiones lagunares) de funciones en H*. Esta
extension del teorema de Fournier también ha sido utilizada para obtener algunos

de los resultados que probamos en el caso X = H*> que pasamos a considerar.

Es facil demostrar el siguiente resultado para el caso p < g¢:
Si 0 <p<q<oo, entonces M(H*NDy) |, H*ND; )= H*ND]_,.

Centrandonos en el caso 0 < ¢ < p, senalemos que si 2 < g < p entonces se
tiene que H*ND) | = H*ND]_| = H* con lo que tenemos:

M(H>*ND, ,H*ND] |)=H*, 2<q<p.

Cuando 0 < g < p y 0 < g < 2 la cuestion es mas complicada. Es bien
sabido (véase [40, Theorem 1] y [71]) que, para 0 < ¢ < 2, existe f € H*\ D]_,.
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Utilizando la antes mencionada extensién del teorema de Fournier, hemos mejorado
este resultado probando constructivamente lo siguiente:

Si 0 < ¢ < min{p, 2}, entonces existe una funcion f tal que

fe(H=ND) )\ (H*NDI,).

Estas funciones han jugado un papel fundamental para demostrar el siguiente
resultado:
Si0<qg<1ly0<qg<p<oo entonces M(H*ND, ;,H*ND; ;) ={0}.

Por otra parte, utilizando [40, Theorem 1] que asegura que si 0 < ¢ < 2, entonces
existe f € H* tal que

1
/ (1— r)q—1|f’(rei9)|qdr =00, para casitodof e R,
0

hemos obtenido el siguiente resultado para el rango 1 < ¢ <2 < p.

Si 1< q<2<pentonces M(H*ND;,_,,H*ND; ;)= {0}.

El caso 1 < ¢ < p < 2 queda abierto y podemos senalar que si la respuesta
a la siguiente cuestién abierta fuese afirmativa se tendria que el espacio M(H> N
'DP

p—1»
Cuestion. Supongamos que 0 < q < p < 2. sEmiste f € HooﬂDﬁfl satisfaciendo

H* ND{_,) serfa trivial para estos valores de los parametros.
1 .
/ (1 =7 f (re?)|9dr = 0o, para casi todo 6 € R?
0

Pasemos ahora a considerar el caso X = BMOA. Recordemos que
H* C BMOACB, y H*CBMOA C NycpcocH?

y que BMOA puede caracterizarse en términos de medidas de Carleson:
Una funcion f € Hol(D) pertenece a BMOA si y sélo si la medida de Borel jiy
en D definida por dus(z) = (1 — |2|?)|f'(z)[*dA(z) es una medida de Carleson.

Los multiplicadores del espacio BMOA fueron caracterizados en [56] (véase
también [68] y [73]). En efecto, se tiene

M(BMOA) = H* N BMOA,.
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Aqui, BMOA, es el espacio de las funciones g € H' para las que existe una

constante positiva C' tal que

9 \ 2
/ (1—|29)]d' (2)? dA(z) < C|I| (log m) , para todo intervalo I C 0D.
S(1)

Siguiendo la terminologia de [73], esta caracterizacién podemos expresarla como
sigue:

BMOAyg es el espacio formado for las funciones g € H' para las que la medida
de Borel p, en D definida por duy(z) = (1—|2*)|¢'(2)|* dA(2) es una “medida de

Carleson 2-logaritmica’™.

Para poder hacer un estudio apropiado de los espacios de multiplicadores M (szlﬂ
BMOA, D] ;N BMOA), hemos tenido antes que obtener una serie de resultados
sobre el espacio BMOA,.

Asi, hemos probado directamente la inclusion BMOA,; C Biog & BMOA 'y
también hemos obtenido condiciones simples en una funcién f € Hol(D) que impli-
can su pertenencia a BMOA,,s. Como corolario de estos resultados hemos probado
el siguiente resultado sobre series de potencias lagunares en BMOA)q,.

Sea f € Hol(D) dada por una serie de potencias lagunar,
[(z) =1 arz™ (2 €D) con ngpr > Ay para todo k, siendo X > 1.
Si > pe o lan*(logng)? < oo, entonces f € BMO Ay, N H™.
También hemos considerado series de potencias aleatorias del tipo

fi(z) = Zrn(zﬁ)anz”, zeD, 0<t<1,
n=0

donde f(z) = > "7, a,z" es analitica en Dy {r,}22, es la sucesién de la funciones
de Rademacher. Entre otros resultados, hemos obtenido una condiciéon precisa en

los coeficientes a,, de f que implica que f; pertenece a BMO A, casi seguramente:
(i) Si > lay*(logn)® < oo entonces para casi todo t € [0, 1], la funcidn
fi(z) = irn(t)anz", zeD,
n=1
pertenece a BMO Ao N H™.
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(i) Ademds, (i) es muy preciso en el siguiente sentido: Dada una sucesion decre-

ciente de nimeros positivos {0,}52, con 6, — 0, cuando n — oo, eziste una

sucesion de mimeros positivos {an}22, con > - a2d,(logn)® < oo tal que,
para casi todo t la funcion f; definida por fi(z) = > 0" ro(t)a,z"™ (z € D) no

pertenece a Biog.

Tras obtener estos resultados para el espacio BM O A\, podemos pasar a exponer
nuestros resultados sobre los multiplicadores de D) ; N BMOA en D], N BMOA
(0 <p,q<o0).

Si A > 2 entonces BMOA C D3 _,. Por tanto, se tiene trivialmente que

M(D"_, " BMOA,D!_, N BMOA) =M (BMOA)
=BMOA,, NH™, 2<p,g<oo. (%)

Hemos conseguido probar que esta igualdad sigue siendo valida para otros valores

depyq:
Sil<g<ooyl<p<qg<oo, entonces

M(D?_, " BMOA,D!_, N BMOA) = M(BMOA) = BMOAis N H®. (o)

Por otra parte, también hemos demostrado que cuando q < p entonces 0 es
el dnico multiplicador de D)y N BMOA en D | N BMOA, excepto en los casos

cubiertos en (x).

Para tratar el caso restante, 0 < p < ¢ < 1, hemos utilizado los resultados arriba
mencionados sobre series de potencias lagunares y series de potencias aleatorias en

el espacio Dg_l N BMOA. Hemos probado los siguientes resultados:

Sea {a,}2, una sucesion de complejos satisfaciendo
Z lan|?(logn)?® < oo.
n=1

Para t € [0, 1] definimos

fi(z) = Zrn(t)anz", z €D,
n=0
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donde las r,, son las funciones de Rademacher. Entonces, para casi todo t € [0, 1],

la funcion f; satisface las siguientes condiciones:
(i) [ (1 —7) (log 2)° [Muo(r, )] dr < oo.
(i1) fr € BMOA),, N H™.
(iii) fr € M(D:_, N BMOA,D!_,NBMOA) si0<p<qyq>3.

Ademds, si0 < q < 5 entonces existe una sucesion {a, } con Y |a,|*(logn)?® <

oo y tal que fi & D}, para casi todo t. Por tanto, para esta sucesion {a,} y para

casi todo t tenemos:
(a) fr € M(BMOA).
(b) Si 0<p<XyX>1 entonces f, € M(D_, N BMOA,Dy_, N BMOA).
(c) fr ¢ M(D, N BMOA,D] N BMOA), si0<p<gq.

Este resultado demuestra que (¢) no es cierto para ¢ < 1/2.

Hemos obtenido resultados similares sobre multiplicadores de D) | " BMOA en
Dg_l N BMOA dados por series de potencias lagunares, obteniendo en particular

otra demostracién de la imposibilidad de extender (¢) al rango ¢ < 1/2.

En la seccién 5 del capitulo 2 estudiamos los operadores T}, e I, actuando en los
espacios del tipo Dg_l N X con X C B. No incluimos aqui los resultados obtenidos

para no alargar demasiado el resumen.

Los resultados hasta aqui expuestos conforman el capitulo 2 de la memoria y

buena parte de ellos estén incluidos en el articulo [19].

El capitulo 3 de la memoria estd dedicado a estudiar una nueva clase de opera-
dores integrales asociados a ciertas matrices de Hankel actuando sobre los espacios
de Hardy. La mayor parte de estos resultados se encuentran en [20].

Si u es una medida de Borel finita en [0,1) y n =0,1,2,..., definimos

m=/tWW)
0.1)
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H, es la matriz de Hankel (fi,k)n k>0 CON fhn gy = fntr. Esta matriz puede verse
como un operador en espacios de funciones analiticas en D por su accién sobre los

coeficientes de Taylor:

oo
an»—>g Mok, n=0,1,2---.
k=0

De forma més precisa, si f(z) = Y o, axz® € Hol(D) definimos

Hu(f)(2) = Z ( Mn,kak) 2",

n=0

siempre que el miembro de la derecha tenga sentido y defina una funcién analitica
en D.

Notemos que para p la medida de Lebesgue en [0,1), H,, se reduce a la matriz de
Hilbert clasica H = ((n+k+1)7"), ;~, que induce el operador clasico de Hilbert
‘H que ha sido extensamente estudiado. Recordemos que H esta acotado de H? en
HP siysblosil <p< oo (23, Theorem 1.1] y que la norma de H como operador
de H? en H? fue calculada en [24]. Por otra parte, el operador H estd acotado de
AP en AP si y sélo si 2 < p < oo [22], pero H no estd ni siquiera definido en A2
En efecto, se demuestra en [24] que existen funciones f € A? tales que la serie que
define H(f)(0) es divergente.

Galanopoulos y Peldez [38] describieron las medidas p para las que el operador
de Hilbert generalizado H,, estd bien definido y es acotado en H'.

En esta memoria estudiamos la acciéon de las matrices de Hilbert generalizadas
H, en los distintos espacios de Hardy H? (0 < p < o0). Hemos obtenido una
descripcién de las medidas ;o para las que H, estd bien definido en H? y ademaés
admite la siguiente representacion integral

Hu(f)(2) = / &du(t), zeD, foral fe H"
o1 1 —1z

Por simplicidad, denotaremos

LG = [ 7 )

siempre que el miembro de la derecha tenga sentido y defina una funcién en Hol(DD).

En concreto, hemos probado:
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(1) Supongamos que 0 < p <1 y sea p una medida de Borel positiva en [0, 1).
Entonces las siguientes condiciones son equivalentes:
(i) p una %—medida de Carleson.
(i) 1,(f) define una funcion analitica en D para cualquier f € HP.

Ademds, si (i) y (ii) se verifican y f € HP, entonces H,(f) define también
una funcion analitica en D, y H,,(f) = 1,(f), para toda f € HP.

(2) Supongamos que 1 < p < oo y sea jr una medida de Borel positiva en [0, 1).
Entonces:

1) 1,(f) define una funcion analitica en D para toda f € HP si y solo si
o

L8 e w

(it) Si p satisface (&), entonces H,(f) define también una funcion analitica
en D, para toda f € HP, y

H,(f) =1.(f), paratoda f € HP.

Utilizando estos resultados hemos caracterizado para cualesquiera p,q con 0 <
p,q < 0o, las medidas p para las que H, es un operador acotado (compacto) de
HP en H?. Asi, hemos probado los siguientes resultados (sélo enunciaremos aqui los

relativos a acotacién y omitiremos los correspondientes a compacidad).

(3) Supongamos que 0 < p <1 y sea p una medida de Borel positiva en [0,1) que
es una %—medida de Carleson.
(1) Si 0 <q <1, entonces H,, es un operador acotado de H? en B,.

(i) H, es un operador acotado de H? en H' si y sdlo si p es una 1-logaritmica

%—medz’da de Carleson.

(1ii) Si q > 1 entonces H,, es un operador acotado de H? en H? si y sdlo si i

es una % + &—medida de Carleson.

Aqui, para g < 1, B, es el espacio formado por las funciones f € Hol(D) tales

que

/1 (1— r)%_QMl(r, f)dr < oo.
0
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El espacio B, es la “envolvente de Banach” de HY, es decir, B, es un espacio
de Banach que contiene a H? como un subespacio denso y los dos espacios

tienen los mismos funcionales lineales continuos [26].

(4) Supongamos que 1 < p < o0 y sea p una medida de Borel positiva en [0, 1)
que satisface ().

(1) Si 0 <p<q<oo, entonces H, es un operador acotado de HP en HY si

y solo so p es una % + i—medida de Carleson.

(i) Si 1 < q < p, entonces H, es un operador acotado de HP en H? si y

solo si la funcion definida por s fl_s dult)

o 1 (s€10,1)) pertenece a

L) (jo,1)).
191 es un operador acotado de HP en sty solo st la funcion definida
H, d do de H H! il la f n definid

og —— '
—s log 7du(®) (s €[0,1)) pertenece a L¥(]0,1)).

1
por S fo L

() Si 0 < q <1, entonces H, es un operador acotado de H? en B,.

También hemos obtenido una descripcion de las medidas de Borel positivas pu
en [0,1) para las que H, pertenece a la clase de Schatten S,(H?) en términos de
los momentos, simplificando un resultado de Peller [64, p. 239, Corollary 2.2]. En
concreto, hemos probado que, para 1 < p < oo, H, € S,(H?) si y s6lo si

[e.9]

Z(n +1)P P < oo.

n=0

Xiv



Introduction

This thesis is devoted to study certain operators acting on classical spaces of
analytic functions in the unit disc.

Let D = {z € C: |z| < 1} be the unit disc in C and T = {z € C : |z| = 1} the
unit circle.

We shall also let Hol(ID) be the space of all analytic functions in D endowed with
the topology of uniform convergence in compact subsets.

If 0<r<1and feHolD), we set

1

27 ' 1/p
M0 = (50 [ lreepar) L 0<p<

Mo (r, f) = lSt|1_p | f(2)]-

For 0 < p < 0o, the Hardy space H? consists of those f € Hol(D) such that

def
| fllzr = sup My(r, f) < oo.
o<r<1

If 0 < p < ooand o > —1, the weighted Bergman space AP consists of those
f € Hol(D) such that

171z (fa+1) [0~ |Z|2)a|f(2)|pdA(z))1/p .

The unweighted Bergman space A is simply denoted by AP. Here, dA(z) = 1dx dy

T

denotes the normalized Lebesgue area measure in D.

The space D? (0 < p < oo, a > —1) consists of those f € Hol(D) such that
[’ € A2, Hence, if f is analytic in D, then f € D? if and only if

def
1115 = [FO) + [} < oo

XV



If p < o+ 1 then it is well known that D? = A} (see, e.g. Theorem6 of [32]).

On the other hand, if p > o+ 2 then D? C H*°. Therefore D2 becomes a “proper
Dirichlet space” when a+ 1 < p < a+ 2. The following chain of embeddings holds

DL CHPCAL 0<p<oo, —-l<a<p-1,8>-1

We shall be mainly interested in the spaces D) ; (0 < p < oo) which are very
closely related with Hardy spaces. Let us simply note here that D = H? and that
Dy, C H? for 0 < p <2, while H? C D, _, for 2 < p < oo.

Let us recall also that the Bloch space B consists of those f € Hol(D) such that

1flls = 1f(0)] + Szlelg(l — 22 1f(2)] < oo.

For g € Hol(D), the multiplication operator M, is defined by

M,y(f)(2) = g(2)f(2), f € Hol(D), z€D.

If X and Y are two normed (or Fréchet) spaces of analytic functions in D which
are continuously embedded in Hol(ID), M (X,Y’) will denote the space of multipliers
from X to Y,

M(X,)Y)={geHol(D): fgeY, forall fe X},

and || M,||(x—y) will denote the norm of the operator M. If X =Y we simply write
M (X) instead of M (X, X). Let us remark that for a reasonable space X C Hol(ID),
M (X) only contains bounded functions. This easily implies that, for all p > 0 and
all a > —1

M(H?) = M(A?2) = H™.

However, for a lot of important spaces X we have that M (X) is a proper subspace
of H*°. Also, when X # Y the space of multipliers M (X,Y") need not be contained
in H.

In order to study the action of the multiplication operator on a certain space X

it is often convenient to consider two closely related operators, the operators I, y
T, defined as follows

LOE ™ [g@r©ds. e Hol®). 2D, 0.0.1)

0

Xvi



T,(f)(z) = /O JE)f(€)de, [ € Hol(D), z €D, (0.0.2)

The relation

f(2)g(z) = [(0)g(0) + Ty (F)(2) + L,(f)(2),  f,g € H(D)

allows us to relate results obtained for the integral operators with results on the

multiplication operator.

Multipliers and integration operators acting on Dirichlet type spaces have been

extensively studied in D? in [44, 45, 36], where among other results it is proved that
M(Dg—lapg—l) = {0}7 0< p,q < o0, p 7é q.

However, if X is a subspace of the Bloch space then

Dy NXCDl  NnX, 0<p<qg<oo.

This implies that under this assumption then for many spaces X any polynomial is a

multiplier from D) ;N X to D ;N X. Then the following question arises naturally:
If 0 < p,qg < oo and X is a subspace of the Bloch space B, what are the

multipliers from D) ; N X in D] ; N X7 The same question can be formulated
for the integral operators 7T, and I, instead of the multiplication operators M,.
Chapter 2 of this thesis is devoted to study these questions taking as X some of the
most important subspaces of B such as B, H* and BMOA. Most of the results
contained in this chapter are included in the article [19].

Chapter 3 is devoted to study another class of integral operators associated with
certain Hankel matrices acting on Hardy spaces.
If 1 is a finite positive Borel measure on [0,1) and n = 0,1,2,..., we let pu,

denote the moment of order n of u, that is,

o= [t
[0,1)

and we define H,, to be the Hankel matrix (14, x)n k>0 With entries p, = pin4r. The
matrix H, can be viewed as an operator on spaces of analytic functions by its action

on the Taylor coefficients:

o
anl—>g M k@r, n=0,1,2---.
k=0

XVvil



To be precise, if f(z) = p,axz® € Hol(D) we define
Hu()(2) =D (Z Mn,kak> z",
n=0 \k=0

whenever the right hand side makes sense and defines an analytic function in D.

Notice that when p is the Lebesgue measure in [0, 1), H,, reduces to the classical
Hilbert matrix H = ((n+k+1)7"), ;5o Which induces the extensively studied
Hilbert operator. B

Galanopoulos and Peldez [38] described the measures p for which the generalized
Hilbert operator H,, is well defined and bounded in H*.

In this thesis we study the generalized Hilbert matrices H, acting in the distinct
Hardy spaces H? (0 < p < oco). We have obtained a description of the measures

such that H, is well defined and admits the following integral representation in H?
(0 <p<o0)

H(f)(z) = / ) du(t), ze€D, forall fe H.

[0,1) 1—tz

Using this in a basic way, we have also characterized, for any p, g with 0 < p, ¢ < oo,
the measures p for which #, is a bounded (compact) operator from H? to HY.
Furthermore, we have obtained a description of those y for which H,, belongs to the
Schatten class S,(H?).

Xviii



Chapter 1
Preliminaries

This chapter is devoted to present the main spaces and operators which will be

the object of our work.

We shall let D = {z € C : |z| < 1} denote the open unit disc in the complex
plane C and T = 0D be the boundary of D. We shall also let Hol(ID) be the space
of all analytic functions in D endowed with the topology of uniform convergence in

compact subsets.
If 0<r<1 and f e Hol(D), we set

1

27 ' 1/p
M5 = (50 [ lreepar) L 0<p<

Meo(r, ) = sup [f(2)].

|z[=r

For 0 < p < 0o, the Hardy space H? consists of those f € Hol(D) such that

def
Il = sup My (r. ) < o

<r<

(see [27, 39] for the theory of HP-spaces). In particular, it is known that whenever
f € HP, 0 < p < 0o, f has finite non-tangential limits a. e. on T. We shall also

denote this function defined on T by f.

If 0 < p < ooand a > —1, the weighted Bergman space A2 consists of those
f € Hol(D) such that

Il (@) [0~ |z|2>a|f<z>|pdA<z))”p o

1



2 Chapter 1. Preliminaries

The unweighted Bergman space Af is simply denoted by AP. Here, dA(z) = %dx dy
denotes the normalized Lebesgue area measure in . We refer to [29, 49, 75] for the

theory of these spaces.

The space D? (0 < p < oo, a > —1) consists of those f € Hol(D) such that
f' € A2, Hence, if f is analytic in D, then f € D? if and only if

1 £ = LFOP + 1115, < oo

If p < a+1 then it is well known that D2 = AP _ (see, e.g. Theorem 6 of [32]).

a—p
On the other hand, if p > o + 2 then D? C H*°. Therefore D2 becomes a “proper
Dirichlet space” when a+ 1 < p < a+ 2. The following chain of embeddings holds

DL CHPCAR 0<p<oo, —-l<a<p-1,3>-1
We recall that the Bloch space B consists of those f € Hol(DD) such that
£l = 1£(0)} + sup(1 — [2[*) [f'(2)] < o0.

We refer to [9, 75] for the theory of Bloch functions.
We shall write I for an interval of T and |I| for its length. If 1) € L'(0D), we let

1r denote the mean of f over the interval I, that is,

def 1 / @9
Ur P(e

1]
The mean oscillation of v over [ is

1 i0

[ =1l =7 | [¥(e”) — 41| db.

] Jr

We say that 1) has bounded mean oscillation or that v € BMO(T) if
sup dy /W Oy —apy| df < 0.

We define BMOA as the space of those functions f € H! such that the function
e s f(e") of the boundary values of f belongs to BMO(T). The space BMOA
can be equipped with several different equivalent norms [12, 39, 41]. We often work

with the one given in terms of Carleson measures.



If I C T is an interval, the Carleson square S(I) is defined as
Lt . it ]
S(I)={re":e"€l, 1-——<r<l1}
2m
Also, for a € D, the Carleson box S(a) is defined by

arg(az)
2m

S(a):{zeﬂ):l—\zlgl—\a],

(4
< Loly
-2

If s > 0 and p is a positive Borel measure on D, we shall say that p is an

s-Carleson measure if there exists a positive constant C' such that
p(S(I)) < C|I|°, for any interval I C ID,
or, equivalently, if there exists C' > 0 such that

pu(S(a)) < C(1—lal)’, forallac D.

I
It p satisfies lim CICIC) 0 or, equivalently, lim "2 (S(az)
o |1 jal=1 (1 = |al?)®

that p is a wvanishing s-Carleson measure.

= 0, then we say

An 1-Carleson measure, respectively, a vanishing 1-Carleson measure, will be
simply called a Carleson measure, respectively, a vanishing Carleson measure.

As an important ingredient in his work on interpolation by bounded analytic
functions, Carleson [18] (see also Theorem 9.3 of [27]) proved that if 0 < p < co and
p is a positive Borel measure in D then H? C LP(du) if and only if p is a Carleson
measure. This result was extended by Duren [25] (see also [27, Theorem 9.4]) who
proved that for 0 < p < ¢ < oo, H? C L%dp) if and only if p is a ¢/p-Carleson
measure.

Now we can give the characterization of BMOA in terms of Carleson measurees:
Let g € Hol(D), then g € BMOA if and only if the measure |¢'(2)|*(1 — |2|*)dA(z)

is a Carleson measure, and we equip BMOA with the norm [41]

Jon 19/ (2)2(1 = [2]?) dA(z)
|9l2am0n = sup =2 +19(0)]%.
I€T 7]

The following chain of embeddings [12, 39, 41] holds

H*>* C BMOA C B.



4 Chapter 1. Preliminaries

For w € D, we let ¢,, denote the Mdbius transformation defined by

Then ¢, is a conformal mapping from the unit disc onto itself and interchanges the
origin with w.
Let us denote by Aut(D) the group of all conformal mappings from ID onto itself.
It is known that
Aut(D) = {Apy s w € D, |A| = 1}.

A space X C H(D) equipped with a seminorm p is called conformally invariant

or Mdbius invariant if there exists a constant C > 0 such that
supp(go ) < Cp(g), g€ X,
%)

where the supremum is taken on all Mobius transformations ¢ of D onto itself.
BMOA and B have the important property of being conformally invariant spaces
[41].

We define the pseudo-hyperbolic metric p by
p(z,w) = |py(2)|, zweD.
Note that p(z,0) = |z|.
The Schwarz-Pick Lemma can be stated as follows:

Lemma A. (Schwarz-Pick Lemma). If f is an analytic function in the unit disc
D such that f(D) C D then

p(f(z),f(w)) < plz,w), z,weD. (1.0.1)

Furthermore, if equality holds for some pair of points z,w € D with z # w then
f € Aut(D) and in such a case equality holds for every z,w € D.

The following known formulas [39] will be used throughout this memory.

(i) ¢ is an isometry with respect to the pseudo-hyperbolic metric

p(pw(2), u(C)) = p(2,¢) for all z, ¢ € D. (1.0.2)



1.1. Operators on spaces of analytic functions 5)

(ii) The quantities 1 — |2|*> and 1 — |¢,(2)|* are related by the equation

(1= Jw[*) (A = |2*)

el =

= (1= 12)le(2)].

(iii) ¢y is involutive: ¢y, (¢w(2)) = 2.

1.1 Operators on spaces of analytic functions

Let X be a space of analytic functions on the disc. For g € Hol(D), the
multiplication operator M, is defined by

M,y(£)(2) = g(2)f(2), f € Hol(D), z €D.

If X and Y are two normed (or Fréchet) spaces of analytic functions in D which
are continuously embedded in Hol(ID), M (X,Y’) will denote the space of multipliers
from X to Y,

M(X,)Y)={g€ Hol(D): fgeY, forall fe X},

and || M,||(xy) will denote the norm of the operator M. If X =Y we simply write
M (X) instead of M (X, X). The next useful lemma [71, Lemma 1.10] asserts that
for a reasonable space X C Hol(D), M(X) only contains bounded functions.

Lemma 1. Assume that X is an space of analytic functions on D such that the
point evaluations are bounded on X. Then M(X) C H*® and

gl < 1Mol x.x)-

Proof. Take f € X, f #0and a & Z(f) = {z € D : f(z) = 0}. Then, there is
C, > 0 such that

[f(a)] < Callfllx-
So, for each n € N and g € M (X),

9" (@) f (a)] < Callg" fllx < Cal|Mgllcx.x) - 119" Fllx < Cal M [tx) - [1£]]x
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that is
lg(a)lf (@)™ < || M|l cxx)(Cal LFI1x) Y™,
which implies

lg(a)] < [IMyl](x.x)-

Since g is continuous on D and Z(f) is a discrete set, the result follows. O

The previous result implies that
M(H?)=H>, 0<p<oo

and M(AP) = H*, 0 < p < 0.

For a good number of classical spaces X C Hol(ID), M(X) is a proper subspace
of H*°. In order to study the action of the multiplication operator M, on a certain
space is quite often useful to consider the closely related integration operators I,

and T}, defined as follows

LY [Ca©r©d 1 eHol), zeD (1.1.1)
T,(f)(z) & /O G F(€)de, e Hol(D), = €D, (1.1.2)

The relation

M,y()(2) = L,(F)(2) + To(F)(2) + [(0)g(0),

roughly speaking, implies that whenever two of these operators are bounded, the
third one is also bounded. However, for many classical spaces, there are symbols
g € Hol(D) such that one of them (usually 7}) is bounded, but I, and M, do not
remain bounded, that is, in the relation T,(f) = fg — I,(f) there is some sort of
cancellation. For instance, this happens for Hardy spaces, because T, : H? — H?
is bounded if and only if ¢ € BMOA [2, 8], while, as noted above, M, is bounded
on H? if and only if g € H>.



1.2. The spaces of Dirichlet type D} _, 7

1.2 The spaces of Dirichlet type D, |

In this section we present some properties of Dgfl spaces, most of them will be
used throughout the next chapter. Among all the DP-spaces, the spaces Dgfl are
those which are “closer” to Hardy spaces. Indeed, the classical Littlewood-Paley
formula says that D? = H?. Moreover, [53]

HP C Dy, for2<p<oo, (1.2.1)
and by [32, 71]
DY CHP, for0<p<?2 (1.2.2)

We remark that for p # ¢ there is no relation of inclusion between Dgfl and
Dy, (see, e.g., [13] and [43]).

The connection between Hardy and Dirichlet-type spaces Df;_l is evident by
many facts, for example they have the same univalent (analytic and one to one)

functions [13]. Going further, let us turn our attention to Carleson measures:

If X is a subspace of Hol(D), 0 < ¢ < 0o, and p is a positive Borel measure in
D, u is said to be a “q-Carleson measure for the space X” or an “(X, q)-Carleson
measure” if X C L(dp). The g-Carleson measures for the spaces H?, 0 < p,q < 0o
are completely characterized. The mentioned results of Carleson and Duren can be
stated saying that if 0 < p < ¢ < oo then a positive Borel measure p in D is a
g-Carleson measure for H? if and only if u is a g/p-Carleson measure. Luecking
[54] and Videnskii [70] solved the remaining case 0 < ¢ < p. We mention [14] for a
complete information on Carleson measures for Hardy spaces.

Regarding the D}, spaces we have the following: If 0 < p < ¢, the ¢g-Carleson
measures for Dy, are the same as those for H? [45]. This statement remains valid
also in the diagonal case ¢ = p, if p < 2, but fails for p > 2 [44, 36, 72]. In more
general terms, the p-Carleson measures for D? are known excepting the case a = p—1
for p > 2 [11, 72]. This corresponds to the diagonal case ¢ = p > 2. What is known
with respect to this case, is that u being a 1-Carleson measure is a necessary but
not a sufficient condition for y to be a p-Carleson measure for D} _; [44]. Recently,
it has been proved in [61, Theorem 5| that the condition

(S(1))
. o < o0, (1.2.3)

sup
ICT |]| (10gﬁ
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implies that u is a p-Carleson measure for Dg_l. Moreover, this condition is sharp in
a strong sense [61, Proposition 12| and the best sufficient L>-type condition known,

involving Carleson measures.

On the other hand, D£—1 spaces present a lot of differences with HP spaces.
Roughly speaking, in some sense they are much bigger (smaller) than Hardy spaces
if2 <p<oo(0<p<2). By (1.2.1)the LP-means M,(r, f) are bounded if f € D},
and 0 < p < 2. This is not longer true for p > 2 [43]. Indeed, if f € D) | and

2<p<oo
1_1
1 27
Mp(r, f) =0 ((log 1 ) > , r—1 (1.2.4)
r

and this result is sharp [61, Lemma 10] (see also [43, 46]).

For a given space X of analytic functions in D, a sequence {z;} is called an X-

zero set, if there exists a function f in X such that f vanishes precisely on the points
2z, and nowhere else. It follows from (1.2.2) that the zero sequence of f satisfies the
Blaschke condition whenever f € Dgfl, 0 < p < 2. However, if 2 < p < oo this does
not remain true. If f € D) ;, and {z} is its zero sequence repeated according to

multiplicity and ordered by increasing moduli, then [43]

N
1 11

H|—:0((logN)§ 111>, as N — o0. (1.2.5)
%k

k=1

Moreover, this result is sharp in the following sense [43];

Theorem A. (Theorem 1.7 of [43]) Suppose that 2 < p < oo and 0 < 3 < 1 — 119
Then there exists a sequence {w;} C [0, 1] such that the function
f(Z) _ i Le%riwjzm' (1 9 6)
g ]%_B L.

belongs to Dﬁ_l and {z,}, its zero sequence repeated according to multiplicity and

ordered by increasing moduli satisfies that

N B
Hﬁ%0<logN) , as N — oo.
Zn

Finally, it is worth to mention the following result proved in [40] (see [47] for a

refinement) and which will be basic to obtain some of our results.
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Theorem B. Let 0 < p < 2. Then there exists f € H* such that
1 .
/ (1 =) f'(re®)|P dr = 0o,  for almost every 6 € R, (1.2.7)
0

m particular
/D PP = 2P dA(z) = oo. (1.258)

Let us close this chapter noticing that, as usual, throughout this work, the letter
C' = C(-) will denote a constant whose value depends on the parameters indicated in
the parenthesis (which often will be omitted), and may change from one occurrence
to another. We will use the notation a < b if there exists C' = C(-) > 0 such that
a < Cb, and a 2 b is understood in an analogous manner. In particular, if a < b

and a 2 b, then we will write a < b.






Chapter 2

Operators on Dirichlet subspaces

of the Bloch space

In this chapter, we shall study multiplication and integration operators on
Dirichlet subspaces of the Bloch space and most of our results in it are included in
[19].

Multipliers and integration operators acting on the Dirichlet type spaces D? have

been extensively studied in [44, 45, 36], where among other results it is proved that
M(D,_,,D;_1) ={0}, 0<pg<oo, p#gq (2.0.1)

However, the following result implies that this is not the case when we intersect

D, _, with a subspace of the Bloch space B.
Lemma 2. Suppose that 0 < p < g < oo and f € Df;_l NB. Then f € Dg_l.

Proof. Since f € B we have that sup,cp(1 — |2])][f'(2)] = M < oco. Using this we

obtain

LU= @I dAe) = Bl = DN = P dA)
< M7 [ (1= [P f(2)[P dA(2) < oo.
Hence, f € D] ;. O O
In other words, whenever X is a subspace of the Bloch space we have that
-1

XNnD; , cXnDj if 0<p<g<oo, (2.0.2)

11
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a fact which implies that, contrary to what happens in (2.0.1), whenever 0 < p <
q < 00, the space of multipliers M (D}, _; N X, D], N X) is non-trivial.
If X C B, the space X N Dg_l is equipped with the norm

def
= Iflx + 1oz,

is complete. Our main aim in this chapter is to obtain a

1 llxems,

In this way, X N D},
description of the spaces of multipliers M (D), N X, D] ;N X) (0 < p,q < 00) for
some important subspaces X of the Bloch space. In order to present our results we
need to define the following spaces.

For a > 0, the a-logarithmic-Bloch space Bjog o consists of those g € Hol(D)

such that

def € :
pa(g) = sup(1 — |z|2)|g'(z)| (log —2) < 00.
z€D 1- |Z’

It is clear that

Blog,a C B]Ogﬁ C B, a > 5 > 0. (203)
For simplicity, the space Bios1 Will be denoted by Bi,e. Spaces of Big o type show
up in the study of integration and multiplication operators on the Bloch and related

spaces.

2.1 Multipliers from BND, | to BND,_,.

The study of the multipliers from BND}_; to BAD,_, is related to that of the
multipliers of the Bloch space into itself. M (B) has been characterized by several
authors independently (see [10, 15, 74]). Namely, the following holds

M(B) = Biog N H™. (2.1.1)

We have proved that the space M (BND,_,) is nothing else but M(B) for p > 1.
This is part of the following result.

Theorem 1. Let 0 < p,q < 00.
(i) If 1<qand0<p<qg< oo, then,

MBND;) |, BND; ;)= M(B).

p—1»
(1) If 0 < q¢ < p < o0, then
M(BND?

p—1

BND]_ ;) ={0}.
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The proof of the first part is based on the proof by Brown and Shields in [15]
where they characterize M (B). In order to prove the second part of the theorem we
introduce the notion of lacunary power series or power series with Hadamard gaps.

A function f € Hol(D) is given by a lacunary power series (also called power

series with Hadamard gaps) if it is of the form
f(z) =>"1 arz™ (2 € D) with ngq > Any, for all k, for a certain A > 1.

For simplicity, we shall let £ denote the class of all functions f € Hol(D) which
are given by a lacunary power series. Several known results on power series with
Hadamard gaps will be repeatedly used throughout this section. We collect them in
the following statement (see [16, 76, 9]).

Proposition A. Suppose that 0 < p < 0o, a > —1 and f is an analytic function

in D which is given by a power series with Hadamard gaps,
f(z) = 1 gaxz™ (z € D) with ngt > Ang for allk (A >1).
Then:

(i) feD! = S0 n " Ml < oo, and

1f— (0 DP /\an - 1’a i

(ii) f e H® if and only if Y, |ax| < oo, and

oo
11l =) .
k=0

(i1) f € B<= sup, |a,| < oo, and
1flls = sup [an]
It is also well known that £ N H? = £ N H? for any p € (0,00) but
H*NLCH*NL.

Proof of Theorem 1 (i). Assume that g € M(BND})_;,BND;_,). Let , be the

Mobius transformation that interchanges the origin and a. By the Schwarz-Pick

theorem, the family {¢, : @ € D} is uniformly bounded on the Bloch space

Ialls = ilelg(l — 21l (2)] + la(0)] = Szlelg(l = lpa(2)]*) +10a(0)] < 2. (2.1.2)
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They are also uniformly bounded in the D£—1 spaces for all values of p. This can be

proved using [75, Proposition 4.3]
leally , = [ 1P = =Py AG) + leaO)F

:/D ’

S C.

Y

1—|af?

SR hed N — |z2)P—1 Py al? (2.1.3)
e (= PP AR + Lo

Consequently,

sup [[alliom_, < oo.
a€eD

Now observe that for any a, z € D we have that

(L =12l lea(x)g(2)] = (1 = [21*)(¢a - 9)'(2) — ¥a(2)g'(2)]
< ll@agllsnps, + (1 = 2*)|¢a(2)g ()] S 1Mllsapr_, 5o + llglls < oo

Since (1 — |a|*)|¢),(a)] = 1, taking z = a we obtain
9(a)l S IMgllsrpr_, sz ) + llglls < oo,

for any a € D. Thus, g € H*.

Next consider the test functions, fy(z) = log ﬁ, 6 € [0,27). Since

1 1 27 1

p —_— 1 — )Pt ————drdt

||f9||pg_1 7_‘_/0 ’I"( T) /0 |1 _Tez(t79)|p r (214)
< C < oo,
and
1 —|z|?
sup ||folls=  sup (—’LZ < 00,
6€[0,27) zeD, €[0,2n) |1 — ze~"|

we have that { f@}ge[ozﬂ) is a uniformly bounded family of functions in
BND,_,. Therefore,

A= sup |gfolls < sup |lgfollsrps
0e[0,27) 0el0,27)

< ||MgH(BmD§7ﬁBngfl)GS[UP 1 follsrpr_, < o0,

0,2m)
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which implies that

(L= 1=)lg' () fo(2)| = (1 = [21*)lg'(2) fo(2) + 9(2)fo(2) — 9(2) fy(2)]
< A+ (1= [2])]g(2) f5(2)]

= A+ |lglla= sup | folls
0€[0,27)

< oo, forall zeDand#@el02m).

Given z € D, choose € = ‘—; to deduce that

sup [g'(2)|(1 — |2[) log 7—— < oo,

z€D - |Z|
which together the fact that g € H*>, gives g € M(B).

Suppose now that ¢ € M(B) and take f € BNDY ;. Then fg € B. Using

Lemma 2 and the closed graph theorem, we obtain

/ (Fay ()91 — |22 dA2)
/ 1z ) A / 92 ~BTdAG) (215)
<l 7y, + / 72 ()0~ [ A,

We shall distinguish two cases to deal with the last integral in (2.1.5). If 1 < ¢ < 2,
bearing in mind (1.2.2) and the fact that g € Bog, we see that

[ e = R aae) § | G M D= i

7log? 1%

1
1
< q d
N||f||Dg_1/0 (1 _ ’]") logq lir r

SHquBng_l

(2.1.6)
On the other hand, if 2 < ¢ < oo, then using that g € Bj,s and the well known

fact that
1 1/2
) , O0<r<l,
—7r

M, (5 ) < €l (1o
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(see, e.g., [21]) we get

[ = R aae) S | G M D= i

7log? 1%

1
1

<IIfII% dr < oo.

”fHB/o (1—7)log?? &

T

(2.1.7)
Joining (2.1.5) (2.1.6) and (2.1.7), we see that in any case we have fg € D], and,
hence, fg € BND; ;. Thus, we have proved that ¢ € M(BND, ,,BNDj )
finishing the proof. [

Proof of Theorem 1 (ii). We shall distinguish three cases.

Case 1. 2 < q < 0. Assume that g € M(BND?_,, BN D!

1> 4—1) and g #Z 0. Let
f be as in Theorem A with § = - — % and let {z,} its sequence of ordered zeros.
Then

1
2

Nol=
Q=

2|

H — # ol log N

n=1 |2l ( )
Observe that the above function f is represented by a power series with Hadamard
gaps. By Theorem A, the function f belongs to Dﬁ_l and, by Proposition A it
belongs to the Bloch space.

Now if {w,} is the sequence of non-zero zeros of gf arranged so that |w;| <

|wa| < |ws] ..., we have that |w,| < |z,|, for all n, which gives that

N Mo
T]{_[l|wn‘ Z,];[lwy

N 11

1 2
H # ol log N )
n=1 |wn‘

Since gf € Dj_,, it follows from (1.2.5) that g = 0.

hence

Case 2. 0 < q < 2 < p. The proof is similar to that of case 1. Suppose
that g Z0 and g € M(BND;_,,BND;_,). Take B € (0,% — %) and take f as in
Theorem A with a non-zero sequence of ordered zeros {z,}°, so that {z,} satisfies

N B
11 ﬁ £ o(log N) . (2.1.8)
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Let {w,};2, be the sequence of ordered non-zero zeros of fg. Since fg € D],
and ¢ < 2, it follows that fg € H? and, hence, {w,}2, satisfies the Blaschke

condition which is

1
II—:O(l), as N — oo.
et [

This is in contradiction with (2.1.8), because every zero of f is also a zero of fg.

Consequently, g = 0.

For the the remaining case 0 < p < 2 we have a different approach that is based
on random power series which are defined as follows:

Let {cx}32, € (* where {r,(t)}>2, are the Rademacher functions:

1, if 0<t<1/2
ro(t)=¢ —1, if1/2<t<1
0, if +=0,1/2,1.

ra(t) =10(2"), n=1,2,....

Here, of course, we extend the definition of ry to R by periodicity.

We shall consider the random power series

Z crrr(t) 2. (2.1.9)

We refer the reader to [76, Chapter V, Vol. I] or [27, Appendix A] for the proper-

ties of these functions. In particular, we shall use the following result of Khinchine.

Proposition B (Khinchine’s inequality). If {c;}32, € ¢* then the random power
series Y o, cxTi(t) converges for almost all values of t . Furthermore, for 0 < p <
oo there exist positive constants A,, B, such that for every sequence {c;,}32, € (* we

have

00 p/2 00 p /2
Ap (Z |Ck|2> / chm t < B (Z |Ck|2> .
k=0 0 Jk=

Case 3. 0 < p < 2. Suppose that g Z 0 and g € M(BHDZIZ LBNDY ).
Takean:ﬁWith0<5<l—l—l}andf()—E:ZO1 . Since > 7 ab < o0

and )7, a = oo, then by Proposition A, f € BND)_,\ Dj_,
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Let {re(t)} be the Rademacher functions and let fi(z) = S22, ri(t)axz®". By
Proposition A (iii)

1flls = sup fan| < [[fills, ¢ €0,1]

and

0 p ) 2
| fell7pe = (Z\(MQ) < <Z|ak|p> = ||J"3f||§§)571 = ||f||§§75717 t€10,1]. (2.1.10)
k=0 k=0

Then for any t € [0, 1], it follows that

[ by @Ira=1syaAG) S 1Al +150E = 171, +If1b < oc. (2112

So, by Fubini’s theorem, Khinchine’s inequality and the fact that ¢ &€ Dg_l, we

obtain

[ [oscma - gyt

</ 1 [ iany@ra = kry-aae+ | 1 [ 1t -y aay
Uy, + [N [ 1REPG - A

S my , + [ 15 IMel, 1)1 = o) dAG)

<, + 151 / 1§(2)7(1 — |2 dA(:)

STy

(2.1.12)
On the other hand, since g # 0, there exists a positive constant C' such that
Mi(r,g) > C, 1/2 < r < 1. Using Fubini’s theorem, Khinchine’s inequality and
bearing in mind that f’ is also given by a power series with Hadamard gaps (thus
My(r, f) =< M,(r, f')) we have that
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/01/]D|9ft,(2)|q(1 — |22 dA(2)dt

- [ta@ra -t ([ i) aac)

x/Dlg(Z)Iq(l— [2[)T MG (2], f)dA(2) (2.1.13)

>C [ Mi(r,g)M(r, f)(1 —r*)" dr
1/2
1

>C MI(r, f)(1 = )7 dr = +o0.
1/2

This is in contradiction with (2.4.8). It follows that ¢ = 0. O

To deal with the remaining case 0 < ¢ < 1, we need a result of its own interest,
which is a refinement and extension of a construction of Fournier in [33] and which
will also used in further sections. Before we state it, let us say that if f(z) =

> oo arz® is analytic in D and n < m, we set Sy, i1 f(2) = D pe,, axz

Theorem 2. Assume that {uy};2, € ¢* and let {nyx}2, be a sequence of positive
integers such that ngy1 > 2ng, for all k. Then, there exists a function ¥ € Hol(D)
with power series expansion

U(z) = Zanz”, z €D,
n=0

with the following properties:

(i) Ve H®.
(ii) an, = uy, for all k.

(111) If we define as Ng = {no} and Ay, = |ng — ng_1,n] for k > 0, we have that
the sets Ay are pairwise disjoint and satisfy Ay, C |ng_1 + 1,ny| for all k > 1.
Furthermore, a, = 0 if n & U Ay.

(iv) There is an absolute constant C' such that

HSnk+1,nk+1+1‘1’HHoo < Clugl|, for all k.
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Proof. The construction depends on the following equality [33, p.402]
la + vb|* + |b — va| = (1 + [v]*)(|a]* + |b]*), a,b,v € C. (2.1.14)
Let us define inductively the following sequences of functions on T

$o(C) =uoC™,  ho(¢) =1, (€T, (2.1.15)

and, for £ > 0,

¢r(C) = dk-1(C) + wr (" hi—1(C), () = M1 (¢) — (™ dr-1(¢), (C€T).
(2.1.16)
Since ny1 > 2ny, it is clear that the sets Ay, k =1,2,..., are disjoint and that
Ap C [ng—1+ 1,0 for all £ > 1.
We claim that that the sequences {¢} and {hy} satisfy the following properties

@(n) =0, whenever k>0 and n ¢ OAJ" (2.1.17)
=0
k
he(—n) =0, whenever k>0 andn>1and n & U A;. (2.1.18)
j=1
q/b;(n) = q;j(n), whenever k£ > j and n < n;, (2.1.19)
@(nj) =wu;, whenever k> j . (2.1.20)

It is clear that (2.1.17) and (2.1.18) hold for £ = 0,1. Arguing by induction,
assume that (2.1.17) and (2.1.18) are valid for some value of k € N. Then,

Drr1(C) = Dr(C) + tpa (" hye(¢ Z S be(n)C" + £il€), (2.1.21)

J=0 neA;

where fi(¢) = upy1¢™+ hg(C). By the induction hypotheses fk(n) =0ifn ¢ Agy,
which gives (2.1.17) for k + 1. The proof of (2.1.18) is analogous. Now, (2.1.19)
follows from (2.1.16), (2.1.17) and the fact that the sets Ay are disjoint and (2.1.18).
Using again that the sets A are disjoint, (2.1.19), (2.1.16) and (2.1.15), we deduce
(2.1.20).
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We have that
160 (O)” + [ho(Q)]? =1+ |uo|?,

so if we assume that |¢x(C)]? + |hi(Q)|* = Hfzo(l + |u;[?), bearing in mind (2.1.14)
and (2.1.16), it follows that

k41
(D11 (O + rsa (O = (1 + Juna [P) (06O F + [h(QF) = [T+ |,
j=0
hence we have proved by induction that
k
k(O + QP =[]+ ), ¢eT, k=0,1,2,....
5=0

This and the fact that {uy}32, € £2 imply that {h;}72, and {¢x}72, are uniformly
bounded sequences of functions in L>°(T). Then, using the Banach-Alaoglu theorem,
(2.1.17), (2.1.19) and (2.1.20), we deduce that a subsequence of {¢x} converges in
the weak star topology of L®(T) to a function ¢ € L*®(T) with ¢(n) = 0 for all
n < 0, and ¢(ng) = uy, for all k. Then if we set a, = ¢(n) (n > 0) it follows that
the function ¥ defined by

U(z) = Zanz", z €D,
n=0
is analytic in D) and satisfies (i), (ii) and (iii).
Finally, we shall prove (iv). Using(2.1.19) and (2.1.21), we see that for any ( € T,

we have

Suetta 1 WO = >0 I = > (i du(n)) "
n=ng+1 m=ny+1
= 3 G ()" = filQ) = win Ik (©)
n=ng+1

which, bearing in mind that supy, ||hx|l.c = C' < oo, implies

[ St L1 ¥ | oo = ltrsa k]| ooy < Clutisal.

This finishes the proof. O
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Next we shall prove the following result.

Proposition 1. Let 0 <p<g<1, ac (l > and g € Hol(D). Then,
(i) If g € Bioga N H>, then g€ M(BND,_,,BND]_,).

p—1
(i4) (Buogs N H®) \ Dy, # {0},
Before presenting a proof of the above result, we observe that the question of
obtaining a complete characterization of M(BND)_, BND,_,) in the case 0 < p <

q < 1 remains open. However, we remark that the inclusion

M(BnND?

p—1»

BNDI ) C M(B),

is true for any p,q (see the proof of Theorem 1). Using this, the fact that M (BN
Dy ,BND; ;) C BND;_; and Proposition 1, we see that part (i) of Theorem 1

does not remain true for 0 < ¢ < 1.
Corollary 1. If 0 < ¢ <1, then M(B)\ Dj_, # 0.

Proof of Proposition 1. Part (i) is proved if we argue as in (2.1.22) and (2.1.23).
Indeed, suppose that g € Biogo N H*, 0 <p < ¢g<1andtake f € BN Dg_l. Then
fg € B. Using Lemma 2 and the closed graph theorem, we obtain

/\fg (1~ [+ 1aA(2)
/ (= ) A / 92 CP)yldAG) (21.22)

S ol g / ) ()11 = |2 dAC)
Since D, | C Dj_, C H?, then M(f,r)! < Ifllpz_,. Thus
! 1
LI AR S [ e Mie
! 1
Sy, | g

S A

(2.1.23)
which completes the proof of (i).



2.1. Multipliers from BND, | to BND;_ 23

(ii) Assume first that 0 < ¢ < 1. Consider the lacunary power series
1-E
Y, .
k=1

By Proposition A, g € H*\ D{_,. Since limsup
k—o0

7 (log Qk)l/q < oo, using [63,

p. 245], we conclude that g € B, 1.
q

Let us consider now the case ¢ = 1. The proof in this case is a little bit more

involved. Set )

kE+1
Let U be the H°°-function associated to these sequences via Theorem 2. By [71,
Lemma 1.6 ()],

and n,=4% k=0,1,2,....

U =

~ 01
Ul > [{U (4512 |0 = - =
[Plpp 2 (W (4730l kZ:OkH

Finally, we shall see that ¥ € By,,. Bearing in mind, [59, p.113], [55, Lemma 3. 1]

and Theorem 2 (iv), we deduce
Moo(r, W) < [U(1)] + D Mao(r, St V)

(o.¢]
SNl + D ISnstimges ©llr™

k=0
00

k
SN + D 45 1S v ¥l e
k=0

= 4k 1
< || W]| o0 <o - O<r<l1
S +kzzok+1r ~(1-r)log =’ e

where in the last inequality we have used that

< 0<r<l 2.1.24
Lokl Y (1-r)log 2 ' (2.1.24)

3T

ac+1

Finally, we shall prove (2.1.24). With this aim, take rxy = 1 — -&. Since f(z) =
is increasing on [0, 00)

N

N
< < 4/3 .
Zk—i-er_ 0k+1—N+1Z</) N+1
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On the other hand, for every 0 < z < 1, n € N, the inequality (1—2)" < 4(nx) 2
holds,

4k 2N+1 Z
k—N+1k+1N_ —N+1k+1
N N (2.1.25)
42N4& o0 4
< TS
N + 1 n=N+1 N + 1

So,
N
# < 4 < 1
Zk—i—l N+17~ (1—-ry)log

1-rn

Now, for every r € [3/4,1) there N € N such that ry <r < ryq,

8

0 4N+1
kzk:"—l N+1NN+2

k=0
4N 1 1
S =T 7 S — 2
N+1 (1—-ry)log . (1—r)log =

which gives (2.1.24) and finishes the proof. [J

Next we provide a sufficient condition, which involves Carleson measures, on a
function ¢ to lie in this space of multipliers. It turns out to be also necessary if g is

given by a power series with Hadamard gaps.

Theorem 3. Assume that 0 < p < q < 1 and let g be an analytic function in D.
Let piy4 be the Borel measure in D defined by dp, 4(2) = |¢'(2)|2(1 — |2[*)9F dA(2).

(a) If g € H® N By and the measure ji,, is a Carleson measure, then g €
M(BND, ,BND;_,).

(b) If g is given by a power series with Hadamard gaps, then g € M(BND}_,, BN

D; ) if and only if g € H*NBiog and the measure piy 4 is a Carleson measure.

Proof. Suppose that g € H* N Bj,, and the measure p,, is a Carleson measure.
Take f € BND?
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e Using (2.1.1), we see that g € M (B) and, hence, fg € B.

e Using [71, Theorem 2.1] we deduce that g € M (D} _,) and, then it follows that
fgeDy

Since D) _; NB C D)_; N B, we have that fg € BAD]_,. Thus, we have proved that
g€ M(B ND,_,,BND]_,). This finishes the proof of part (a).

p—1
Suppose now that g is given by a power series with Hadamard gaps and g €

M(BND, ,BND] ;). Then g € D] ;. Now, using Theorem 3.2 of [44], we see
that this implies that p,, is a Carleson measure. O]

2.2 Multipliers from H*ND) ; to H*ND,

We turn now our attention to spaces of the type H* ND}_;. The following
theorem gives a complete characterization of the multipliers from H* N Dﬁ,’fl to
H>*ND]_; when 0 <p < q < oo.

Theorem 4. If0 < p < ¢ < oo, then M(H* ND,_,,

H>*ND] ,)=H*ND]_,

Proof. If g € M(H>*ND,_,, H*ND,_,) then, since H*ND;_, contains the constant
functions, it follows trivially that ¢ € H>® N Dg_l
On the other hand, if g € H* ND; | and f € H* ND}_,, it is clear that

gf € H*. We also have
/D|(9’f +af)(=)] (1= |21 d A2)
S/D’(g'fxzﬂ = [#?)7 dA(e /\g | A2)

S W<llglipe | + gl 5115 | < oo

Thus, gf € D}, and, hence, gf € H* ND]_,. Consequently, we have proved that
ge M(H™ ng L, H*ND] ). O
Regarding the case 0 < ¢ < p, let us notice that if 2 < ¢ < p then H* N Dﬁ_l =
H>*ND]_ | = H®. Hence we have
M(H® D"

p—1»

H>*NDi )=H>, 2<q<p. (2.2.1)
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When 0 < ¢ < p and 0 < ¢ < 2 the question is more complicated. It is well
known (see [40, Theorem 1] and [71]) that, whenever 0 < ¢ < 2, there exists a

function f € H*\ D] ;. We improve this result in our next theorem.

Theorem 5. If 0 < ¢ < min{p, 2}, then there exists a function f € (H°° N Dg_l) \
(H*NDL,).

Proof. Let p = min{p, 1} and p* = min{p, 2}. We shall split the proof in two cases.
Case 1: 0 < q < 1. Take a sequence {u}32, € 7\ {7 and let f be defined by

f(z)= ZukZQk, z € D.
k=1

Then, using Proposition A and the fact that p < 1, we see that f € (Dg_l N H°°) \
D; .
Case 2: 1 < q < 2. Let us consider a sequence {u;} such that {uz}2, € 7"\ ¢4
and let choose ny = 4*. We claim that the function ® € H> associated to {uy} and
{nx} via Theorem 2 satisfies that ® € H*ND) |\ H*ND;_,.

Using [71, Lemma 1.6 (i) | and bearing in mind Theorem 2 (ii), we deduce

0l 2> |20

k=0

q
= [{ux} Iz = oo,

that is, ® ¢ D] _.
By (1.2.1), if p > 2 we are done. On the other hand, if 0 < p < 2 by [43,
Theorem 1.1 (ii)], the M. Riesz theorem and Theorem 2 (iv),

1
H@H‘{)gi1 S/O (1= ' M (r, @) dr

o0

<Y (182012 42)""
k=0
S 2 (IS s 1®]]12)" S [HwiHl < o0,
k=0
which finishes the proof. O

Our result on the remaining triangular case is the following.
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Theorem 6.

(a) If 0<q<1and0<q<p<oothen M(H*ND}_,,

HOOODZ_l) = {0}.
(b) If 1 < q<2<p then M(HooﬂDg_l,
Proof. Theorem 6 (a).
Assume that 0 < ¢ < 1,0 < ¢ < p and that g € M(H*ND?

p—1
g #Z 0. Take

H*NDI ) = {0}.

H>*NDj; ;) and

f2)=> .
1 ke
Let {7 (t)}32, be the sequence of Rademacher functions and denote

fi(z) =>"0, rk(t)akz2k, 0<t<1,zeD.

By Proposition A,
= 1
1 fell a2 < ([ fell g < Z;m = || fllgee <00, t€0,1],

and

oo 1/p
1
||ft||pg_1x<zm> <l teo1]
k=0

Then, since g € M(H> ND?}

p—1

/D\(gft)'(Z)!q(l — )" dAG) S Uillferpr S 1 1 mrpy, < 00

Integrating ¢f; with respect to t and applying Fubini’s theorem and Khinchine’s

H>*ND]_,), we see that

inequality we get
| [lasera - epetaaca
! / q o 2\q—1 ! / q _ 2\q—1
< / / (@ h) (21— |2y dA(2)dt + / / g (2)[(1 — |22y dA(=)dt
g+ / §(2)] / (L~ [22)7  dedA()
S iy, + / 1§/ (2) M2, (L~ 22) " dA(2)

S W e, + I oo/Dlg’(Z)!q(l — [2*)7 dA(2)

S Wiy, < 00
(2.2.2)
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On the other hand, since g # 0 there exists positive constant C' such that
Mi(r,g) > C, 1/2<r<1.

Then, using again Fubini’s Theorem and Khinchine’s inequality, we deduce

/ e~ 1Ry aa)a
= [ ot - =py (/ ) A

= / 9(2)[(1 — 2 MI(J2), £)dA(2)

2 | Mi(r,g)MI(r, f)(1 =) dr
1/2
1

> Mi(r, f)(1 — r?)4tdr = +o0.
1/2

This is in contradiction with (2.2.2). Therefore g = 0.
Assume now that 1 < ¢ < 2 < p. By Theorem B there is a function f € H™
such that

1
/ (1— r2)q_1|f’(rei9)|q dr = oo for every 0 € B,
0

where B is a subset of [0, 27] whose Lebesgue measure |B| is 2.
Suppose that g € M(H* ND) ;,H* ND; ;) and g # 0. Notice that g €
H>~ND{_,. Since

/D(l = )" g (2) £ (27 dA(2) < [ £l Froerips_, < 00 (2.2.3)

it follows that
/D(l — 211" g (2) f'(2)]7 dA(z) < oo, (2.2.4)

Since g € H*® and g # 0, there is a set A = A(g) C [0, 2x] with |A| > 0 and such
that lim,_;- g(re®) # 0 if § € A. Then, for every § € AN B there is ro(#) € (0,1)
such that K = inf |g(re??)| > 0. Then

ro<r<l
[ a=rrtige s ety pdr = K0 [ @y = oc
0 70

since |[A N B| > 0, this is in contradiction with (2.2.4). Thus ¢g must be identically
0. This finishes the proof. O
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The case 1 < ¢ < p < 2 of Theorem 6 remains open. However, if the answer
to the following open question were affirmative then it would follow that the space

M(H>*ND;,_;, H*ND; ;) would be trivial also for this range of parameters. (See

the proof of Theorem 6 (b)).

Question 1. Suppose that 0 < ¢ < p < 2. Does there exist a function f &
H>ND;_; satisfying (1.2.7)?

2.3 Functions of logarithmic bounded mean oscil-

lation

With the aim of obtaining results concerning multipliers from Dp N BMOA
to Dgfl N BMOA, we need to define the space of functions of logarithmic bounded
mean oscillation and to study some of their properties. We say that 1 € L!(T) has
logarithmic bounded mean oscillation or that ¢ € BM O, (T) if

log 2
sup( '” / [6(E) — 1ir] db.

ICT

The space BMOA(T) consists of those g € H' such that the function of
its boundary values belongs to BMOe(T). Following the reasoning used in the
classical space BMOA, it can be proved that ¢ € BMOA,, if and and only if

2
log 2
—lal
9lBr0a,, = 19(0)]* + sup % /5( )(1 —2P)|g(2) 2 dA(z) < oo. (23:1)

a€D

The space BMOA,,, coincides with that of those g € Hol(D) such that T,
BMOA — BMOA is bounded [68]. Moreover, it is known that [56]

M(BMOA) = H* N BMO A, (2.3.2)

We shall start by proving some embedding relations between BM O Ajog, Biog and
BMOA.
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Proposition 2. If 1 > (3 > , then BMOAog C Biog C Biogs @ BMOA.

Proof. First, we prove that BMOA,,; C Biog. Take f € BMOA),,. Let a € D

and assume without loss of generality that |a| > % Set a* = %ei”g“ so that

the disc D (a |a‘> of center a and radius I_TM is contained in the Carleson box
S(a*). This inclusion together with the subharmonicity of |f’|* and the fact that

(1—1z]) < (1—la|]) for z € D ( L |a‘> gives

(10g ﬁ)z (1- |0L|)2|f’(oz>|2 < (log 1_%02 Jo(a iy 1]/ (2) dA(2)

<o) (- PP AAG)
= <10g11|(‘137| fD 1ol (1= [z»)]f"(2)]? dA(2)
< leertm) o PP dAG)

SO f € Bigg.

Now, let us see that the inclusion is strict. We borrow ideas from [62, Proposition
5.1 (D)]. Assume on the contrary to the assertion that BMOA,, = Biog. By [48,
Theorem 1] (see also [1] and [34]) there are g1, g2 € Bjog such that

1
1)+ 145(2)] = , zeD.
‘gl(z)| |g2(2)| ~ (1 . |Z|) log I_Q‘zl z

Then, for any a € D

! ! ! 2 . Z2 ;
/S(a) (1= |2[) log® 2 dA(Z)S/g(a)(|gl(z)|+|92(2>|) (1= |2[?) dA(2)

log -

sLnguewnmw+L@@wurvumw
_ (1—la)

~ 2 2
log =l

9

so bearing in mind that

1 1—
[ aa = ol
s (1= 1z)log” = log 775

and letting |a| — 17, we obtain a contradiction.
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Assume now that € (%, 1). Then it is clear that Bjog, & Biog,s. Furthermore,

(2) = 5321 5 € Buoa \ B (s (65, p. 215))

The inclusion B,z 3 © BMOA, for > , follows easily using the characteriza-
tion of BMOA in terms of Carleson measures (see [35, p.669]). Finally, we observe
that f(z) = log i € BMOAN\ Biog,p for any g > 0. This concludes the proof. O

Next we find a simple sufficient condition for the membership of a function

f € Hol(D) in the space BMOA,q,.

Proposition 3. Let f be an analytic function in D. If

2
/1(1 —7) (log ! ) (Moo (r, f)]? dr < oo (2.3.3)
0 1—r

then f € BMOAq.

Proof. Suppose that f satisfies (2.3.3) Let I be an interval in T of length h, say
I={e":0y<t<by+h}. Then

) |f’( )2 aa(e) = LR 1 gt et P dtar
N (log E) flfh —) OO(va> dr < fkh (1- 7") [Moo(r, f,)]Q (log 1_1)2 dr
< =) Mol ) (log 2;)” d.

Now we turn to the question of finding conditions on the Taylor coefficients of
a function f € Hol(D) enough to assert that f € BMOA),. We shall need two
lemmas. The first one estimates an integral which may be viewed as a generalization
of the classical beta function (compare with Lemma?2 of [28]). We recall that & :
[0,1) — (0,00) is essentially decreasing on [0,1) if there exists a constant C' > 0
such that h(t) < Ch(r) forall 0 <r <t < 1.

Lemma 3. Assume that m € N and o > 0, then

L . e \" (logn)®
/0 z"(1 — x) (logl_x> dr = 10 5T 00, (2.3.4)

where the constants involved in the above inequality may depend on m and o but not

onn.
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Proof. Using [62, Lemma 1.3] for the weight w(s) = (1 — s)™ (log 1%)", we have

that
1 N 1 N
"(1—x)™ (1 dr = L—z)" (1 dz.
/Om( ) (Ogl—x) x /11( x) (Ogl—x> x

On the other hand, since h(z) = (1 — z)™ (log 1) is essentially decreasing on
[0,1)

C—a (10— dr < L ogen)® [ dr— — (logen)®
1,;( x) 08T mNn—m(ogen) - m—nm+1(ogen) :

e
11—z

Finally, using that z — (log )a is increasing on [0, 1)

1

1 . e « N 1 . 1 N
/1_1(1—3[;) (log1_$> de(logen)/ (1—2x) dx—an (logen)™.

n

This finishes the proof.

Lemma 4. Suppose that a > 0 and let g be an analytic function in D, g(z) =

Yo ganz" (z € D). The following two conditions are equivalent:
(i) Jy(1=1=P)lg' ()2 (log 125) " dA(2) < oo.
(i) 252 lanPllog ] < oo.

Proof. We have

(1= 1P G (log 25 ) " dAR) = i r(1 = 1)Ma(r, )2 (log 12)” dr
= 3% n2la,|? [i (1= )t (log 22)" dr

Using Lemma3 with m = 1 we see that fol(l — r)r?nt <10g 1_2|Z‘> dr =< Lozl
Then it follows that

oo

[Pl (o2 ) dAG) = X oo llog(n + 1

n=1

We close this section by proving a useful result on lacunary series.
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Proposition 4. Let f € Hol(D) be given by a lacunary power series, i. ,e., f is of
the form

f(z) =2 garz™ (2 €D) with ngyr > Any for all k, for a certain A > 1.
If 3702 o lak*(log ng)? < oo, then f € BMOA,o N H™.
Proof of Proposition 4. Suppose that Y ;- |ax|?(log nk)? < oo and
f(z) => arz™ (z € D) with ngyy > Any for all k, and A > 1.

Using the Cauchy-Schwarz inequality and the fact that Y_,7, r™ < log 12 (because
the function h given by h(z) = > 2™ is a Bloch function), we see that

[rMoo(r, ] < (320 nulaxlr™)?

< (o milarPr™) (o r™) S (log 127) oo milax/*r™.

Then, using Lemma 3 with m = 1 and a = 3, we obtain

2 3 00 n
S5 =) (log 22)° [Muo(r, 12 dr S [1H(1 = 7) (log 22)° (3552 2 ax|2r) dr
= S ndlanl? [ (1 — 1) (log 1) dr < S50 Jaxf? (log my,)? < oo,

Then Proposition 3 implies that f € BMO A.
To see that f € H™ observe that \* < ny and |ax|? < (logng) 3. Then it follows
that |ag| = O (k=%2), as k — oo and the result follows. O

Now we turn to study the membership in BMOA,y, of certain random power
series.

We shall consider random power series analytic in D of the form

o
E €nan2"

n=0

o0 n

where the €,’s are random signs. More precisely, if f € Hol(D), f(z) = > " anz
(z € D), we set

fi(z) = Zrn(t)anz", 0<t<l1l, zeD,
n=0

where the r,’s are the Rademacher functions. Each function f; is analytic in D.
Littlewood [52] (see also [27, AppendixA]) proved that if > |a,|> < oo then
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ft € No<p<ooHP almost surely (a.s.), that is, for almost every ¢. On the other hand,
the condition > 7 |a,|* = co implies that for almost every ¢, f; has a radial limit
almost nowhere [27, Appendix A, Theorem A.5].

Paley and Zygmund [57] gave an example of an f with

Z lan)?logn < oo (2.3.5)
n=1
such that f; ¢ H* for every t.

Anderson, Clunie and Pommerenke [9] used a result of Salem and Zygmund [67]
on the behaviour of the maxima of the partial sums of random trigonometric series
to prove that (2.3.5) implies that f; € B a.s. and that this condition is the best
possible. Later on, Sledd [69] used also the Salem and Zygmund theorem to show
that (2.3.5) actually implies that f; € BMOA a.s.

Duren proved in [28] the following result.

Theorem C. If 0 < 3 <1 and Y7, |a,|*(logn)? < oo, then for almost every
t € [0,1], the function

fi(z) = Zrn(t)anz”, zeD,

n=1

satisfies

[a=n (s )6 (M, f dr < o0, (230

Using this, Duren gave in [28] a new proof of Sledd’s theorem. Next we prove an
analogue of Duren’s theorem for § = 3. This will allow us to obtain the analogue of
Sledd’s theorem for BMOAq,.

Theorem 7. If > 7 |a,|*(logn)® < oo then for almost every t € [0, 1], the function

fi(z) = Zrn(t)anz", z €D,
n=1

satisfies

/01(1 — ) (IOg : 1 r>2 (Mo (r, f)] dr < oo. (2.3.7)
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Proof. Set
B: = Zk2|ak]2, n=12...,
k=1

35

and ¢¥(r) = (1 —r) > 7 Byy/lognr™ (0 <r < 1). Just as in p. 84 of [28], we have

I (2)] < Cuw(r), |zl=r, 0<r<1, almostsurely.

log z

(2.3.8)

Using Lemma 3, the simple fact that 7 decreases as x increases in [€?/3, ), and

Hilbert’s inequality, we deduce

[ (o) worar

x/olu_r) (10212 ) ZB @]

—ZZB VlognB; \/logj/ (L —r)? (1og1

n=1 j=1

=« B.VIognB;/log j ,
<SS PV RIEVIOE 106 (n 4 )2
o (n+7)*
ii By[logn]** By[log j]*
e n +] n3/2 ]3/2
-\ e llogn)®
NZ| a n3
n=1
Now,
S logn]* <~ [log nJ?®
DB =) D Rla g
n=1 n=1 k=1
3 o0

2
) dr
—r

(**)

Then (2.3.8), (*) and (**) imply that (2.3.7) holds for almost every ¢, finishing the

proof.

]

Now we are ready to prove the analogue of Sledd’s theorem. It establishes a

sharp condition on the Taylor coefficients a,, of f which implies the almost sure

membership of f; in BMO Ajg.
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Theorem 8. (i) If > 7 |a,|*(logn)® < co then for almost every t € [0,1], the
function

fi(z) = Zrn(t)anz", z €D,
n=1

belongs to BMOA,g N H*.

(i) Furthermore, (i) is sharp in a very strong sense: Given a decreasing sequence

of positive numbers {0, }°°, with 6, — 0, as n — oo, there exists a sequence of

positive numbers {a,}5°, with > > a2d,(logn)® < oo such that, for almost
every t the function f; defined by fi(z) = D> " ra(t)anz" (z € D) does not

belong to Biog.

Proof. (i) follows from Proposition 3 and Theorem 7.

(ii) is a byproduct of the following result. O

Theorem 9. Fiz f > 1. Given a decreasing sequence of positive numbers {8, }5°,
with 6, — 0, as n — oo, there exists a sequence of positive numbers {a,}> | satis-
fying that Y >" | a2d,(log n)? < oo and such that, for almost every t the function f,

defined by fi(z) => .07 rp(t)a,z"™ (z € D) does not belong to Blog’%.

n=1

Proof. The proof follows the lines of [9, Theorem 3.7]. Let {4, }5°, satisfy the above
hypothesis and chose a sequence {ny}72, such that ny = 1 and increases so rapidly
that >~ \/0n, < 00, and ng > 2ny_;. For ni_; < n < ny define

1

— 2.3.9
e (2:3.9)

a?log’n =

Now, we define f;(2) = >°7  r,(t)a,z™. Observe that,

n=1
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oo nip—1

i(Snai log’ n = Z Z 53‘@]2- log” j
n=1 k=1 j=ni_1

ne—1

5.
ji: nk nk 1Jj§;1
Z Oy nil 1 (2.3.10)

k—
"k nkl]”kl
5nk—1

(nk - nkfl)—nk rnk_l
\/Ony, < 0O.

Next, we are going to apply [9, Lemma 3.3] to the Césaro means of f/(z). With

||
M8f

ES
Il
—

NE

e
Il
—_

2
this target, we write g +(z) = > %, (1 — %) My T (£) 2™ and Ry, = Y% <1 - —> m2a?,.

Nk

Then,

2
m
1—— ) m?log™®m
\/ n Z ( nk)

lenk> >

n: m\?
1 - 2
410g5 3k \/K Z ( nk)

k—1 3ng ng
5 zm>=t

2
n

>C i .

(logﬁ nk) \/Onp_,
(2.3.11)

Hence
Aknk 1

\/ Rilog ny, > C—, Ay = ——= — 00 when k — 00 (2.3.12)

log Ny v/ On_s

Now since x — ; is essentially increasing on [1, 00)
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nj—1 4 1 n;j—1 4
m m
1—— ) mtat = 1—— ) milog®m
2 ( nk) N30, 2 ( ”k) &
m=n;_i J m=n;—i1
2 n;—1 4
< 3 (1 _ ﬂ)
log™ n;0n;_, e i
ni(n; —n;1)
2
log A njénrl
SO

ng
m= Jj=1 m=n;_
k 2
< Z ”j(”] nj-1)
28
o log njdnrl
9 k
Ny
5 lo an S (nj njfl)
g Efnp 1 j=1
3
< "k
= log® nbn,
2
< I

Thus from (2.3.12) and [9, (3.29)] we deduce that

AkT
sup |gr,(2)] 2 — 51 & S
|z|:1 log 2 N

which together with [76, Vol I. p. 89] gives that

)\knk
4 sup |fi(2)] Z sup |gee(2)| 2 —55—, @ s (2.3.13)
|2|=1— - |2|=1 log 2 ny

ny
Consequently, bearing in mind that A\, — oo as & — oo, we get that a. s. f; does

not belong to By, s-1. This finishes the proof.
)
O



2.4. Multipliers from D, ; N BMOA to D} ;N BMOA 39

2.4 Multipliers from D) \NBMOA toD; \NBMOA

In this section we shall prove our results about multipliers from Dp 1NBMOA
to Dy, N BMOA. Let start with the following result.

Theorem 10. For any p,q with 0 < p,q < 0o we have
M(Dp 1N BMOA, D _1NBMOA) C BMOA,s N H* = M(BMOA).

Proof. The proof uses arguments similar to those in (i) of Theorem 1. By (2.1.3)
{©a}aep is uniformly bounded in D3, for any A > 0 . Also since ||¢allroa <

~Y

|¢alloo < 1 for all X > 0 the family is uniformly bounded on D} ;N BMOA. Assume
that g € M(D,_, N BMOA, D}, N BMOA), which implies that g € BMOA.
Then since BMOA C B, for any a, z € D we have that
(1= z)lea(2)g(2)] = (1 = 2[)I(@a - 9)'(2) = pa(2)g ()]
< lleagllroanpy_, + (1 = [2")lea(2)g'(2)] (2.4.1)

< ||M9H(BMOAOD§_1—>BMOAODZ_1) + [lgllBroa < oo.

Since (1 — |a]?)|¢),(a)] = 1, taking z = a in (2.4.1) we obtain

|g(a)| S HMg”(BMOAngilﬁBMOAﬂDgil) + HQHBMOA < 00,

for any a € D. Thus,

M(D?_, N BMOA,D!_, N BMOA) C H*, 0 < p,q < oc.

Suppose now that 0 < p,q < oo and g € M(D,_, N BMOA, D}, " BMOA).
Let us use the test functions f, (a € D) defined by

1

, e D.
1—az &

fa(2) = log

The family {f, : @ € D} is also bounded on Dy _; N BMOA for all \ > 0.
On the other hand, there exists an absolute constant C' > 0 such that for any
arc [ C 0D

< fu(2)] < Clog =

, zeS(),

1
—log
|f|

where a = (1 — %)ﬁ with £ the center of I.
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Then we have
1°gf}|"' fsu — [P (P AAGR) < G fo (1= 2P ful2) 1o (2)]? dA(2)
S 2 - 2P (fag)(2)|2dz42 . 1—|z| [ Plg(2) 2 dA(2).

Since g € M(D,_, N BMOA,D]_, " BMOA), the family {f,g : a € D} is bounded
in BMOA and hence sup, % Sy (L= 12*)[(fag)'(2)? dA(z) < oo. Also, using that
g € H* and that the family {f, : a« € D} is bounded in BMOA, we deduce that
sup; % Joon (= 12| f2(2)]9(2)]? dA(2) < oco. Consequently, we have that

sup = [ (1= P ()P dAG) <,
I 1] S(I)

that is, g € BMOA,. O
If A >2 then BMOA C D}_;. Hence, we have

M(D; N BMOA,D} ;N BMOA) = M(BMOA) = BMOA,,, N H>®, (2.4.2)
for 2 < p,q < oo. This remains true for other values of p and gq.
Theorem 11. If1 <g< oo and 0 <p < q < oo, then
M(D, ,NBMOA,D; "N BMOA) = M(BMOA) = BMOAj,g "N H™.

Proof of Theorem 11. Suppose that 1 < ¢ < oo and 0 < p < ¢ < oo. In view of
Theorem 10, we only have to prove that M(BMOA) C M(D,_;, N BMOA, D}_
BMOA).

Take g € M(BMOA) and f € BMOAND, ,. Then, clearly, fg € BMOA.

Using Lemma 2 and the closed graph theorem, we obtain
[ 19 Gra - spyrtaac)
/ e o)A / e _ePylaAl) (243)
S Loty 7y oon + [ 1FG)gGIL= 2)1dAG),

Now, Proposition 2 implies that g € Bj,e. Also, since BMOA C HY, we have that
f € H9. Then we see that the last integral in (2.4.3) is finite as in the proof
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of (2.1.23). Thus, we have proved that g € M(D,_ ; N BMOA,D; ; N BMOA)
finishing the proof. [J

To deal with the remaining case, 0 < p < ¢ < 1, we shall use the above results
about lacunary power series and random power series. Our main results concerning

random power series and multipliers are contained in the following theorem.

Theorem 12. Let {a,}22, be a sequence of complex numbers satisfying

Z la,|?(logn)® < oo. (2.4.4)
n=1
Fort € [0,1] we set
fuz) =) ra(t)anz", z €D, (2.4.5)
n=0

where the r,'s are the Rademacher functions. Then, for almost every t € [0,1], the

function f, satisfies the following conditions:
(i) /(1 =r) (log 1) Mo (r, fi'))? dr < co.
(11) fi € BMOA,s N H™.

(iii) fr € M(D:_, " BMOA, D], N BMOA) whenever 0 < p < q and q > 3.

Furthermore, if 0 < q < % then there exists a sequence {a,} which satisfies

(2.4.4) and such that f, ¢ D}, for almost every t. Thus, for this sequence {an}

and for almost every t we have:
(a) fr € M(BMOA).
(b) If 0 <p<Xand X\> 3 then f, € M(D,_, N BMOA,Dy_, N BMOA).

(c) fe ¢ M(D,_, N BMOA, D}, Nn BMOA) whenever 0 < p < gq.

We remark that Theorem 12 shows that Theorem 11 does not remain true for
qg<1/2.
To prove Theorem 12, let us first note that (i) follows from Theorem 7 and (ii)

from Theorem 8 (i). For (iii) we shall use the following lemma.
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Lemma 5. Suppose that 0 < q¢ < 2 and o > 0. Let f be an analytic function
in D of the form f(z) = Y07 a,2" (z € D), with Y o |an[*[logn]* < co. If
f € BMOA g N H* then

feMD, ,NnBMOA, D] ,NnBMOA), whenever 0 <p<gq and;ﬂ>1.
-9

For 0 < ¢ < 1, (iii) of Theorem 12 follows using (ii) and the lemma with o = 3,
while, for 1 < ¢ < oo, it follows from Theorem 11.

Proof. Suppose that f is in the conditions of the lemma and that 0 < p < ¢ and
3 > L.

Take h € D) ; " BMOA. Since BMOAj,g N H® = M(BMOA), it follows that
fh e BMOA.

We have also

Jo( = 12D H(fR) (2)|7 dA(2)
S LA = DTN (2)|* dA(2) + [ (1 = 12D f/(2)]71h(2)]* dA(z)
- Il +IQ

The first summand 1 is finite because f € H* and h € D) ; " BMOA C D}_
BMOA. Let us estimate the second one [I,. Using Holder’s inequality with the
exponents % and QZTq, we obtain

I = (1= (2)|*]A(2)] dA(2)

= plf ()11 = |2])* <10g = |z\>? (108; 1—L|z|>_7 |1 (2)|7(1 = |2]) 1 dA(z)

(2—9)/q

< [l 1—\zr>(log1+|zl)“dA<z>]q/2 [fm MO 4(z)

(10g 1_e|z| )ﬁ (1_|Z‘)

Using Lemma4, it follows that the first integral in the last product is finite. Now,
notice that h € H? for all A < co to deduce

[h(z)|> 2o [l 1
/ = dA(z) < ||h] ", — dr
2=q € _)2—q —
’ (bg 1—\z|> (1—1z) #20 Jo (log 15) > (1 —7)

and this integral is finite because % > 1. Thus I, < co. Then we have that

fh € Dq _, and, hence, fh € Dg_l N BMOA. Consequently, we have proved that
feM(D),_,NnBMOA, D} ,NnBMOA). O



2.4. Multipliers from D, ; N BMOA to D} ;N BMOA 43

To finish the proof of Theorem 12 take ¢ € (0,1/2) and let {a,} be defined as
follows:
age = (k+1)7Y1, k=0,1,...

and a, = 0, if n is not a power of 2. Set

:f:anz f:k‘—}-l 1/q22k, z € D.
n=0 k=0

It is clear that {a,} satisfies

(2.4.4). Furthermore, for almost every t, f; is given by
a lacunary power series, fi(2) = S50 ror(t)agr 22", which does not belong to Dl

because Y po |agk|? = oo.

Now turn to consider multipliers in M (D} _; N BMOA, D], N BMOA) given by
power series with Hadamard gaps for the range 0 < p < ¢ < oc.

Theorem 13. Suppose that 0 < p < q < 1 and let g be an analytic function in
D given by a power series with Hadamard gaps. Then the following conditions are

equivalent:
(a) g € M(Dp 1N BMOA, D 4, NBMOA).
(b) g € Dg_l N BMOA,.

Proof. Since D)_; N BMOA contains the constants functions, it is clear that
M(D, N BMOA D; ;N BMOA) C Dj_, and the inclusion
M(D;, " BMOA, D] ; " BMOA) C BMOA, follows from Theorem 10. Hence,
the implication (a) = (b) holds.

Let us prove next the other implication. So take g € D} | N BMOA, N L,

9(2) = royaxz™ (z € D) with ngq > Any, for all k, for a certain A > 1.

We have Y 72 |ax|? < oo which, since ¢ < 1, implies that Y, |ax| < co. Thus
gGH“T%mgGBMOA%OHm— M(BMOA).
Take f € DY, N BMOA. Since g € M(BMOA), we have that gf € BMOA.

Now,
Jol(gf) (2)|%(1 = |2?)7~ dA(2)

S Jplg@IIF I = [2)7 1 dARz) + fp 1)/ (2)]*(1 = [2*)*7" dA(z)
=1 + I,
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The first summand [ is finite because g € H* and f € Dg_l.

Let us estimate the second one. Using Theorem 3.2 of [44] we see that the
measure f,, in D defined by du,,(2) = (1 — |2]*)77|¢'(2)|?dA(z) is a Carleson
measure and (see, e.g., [72, Theorem 1] or [71, Theorem 2. 1]) this implies that p, ,
is a Carleson measure for D] ;, that is, D | C Li(dpg,). Hence f € L(dpy)
which is equivalent to saying that I, < oo. Hence, gf € Dg_l.

So, we have proved that gf € Dg_l N BMOA for any f € D£—1 N BMOA, that
is,g € M(Dy_,NBMOA, D] ;N BMOA). O

We also obtain the analogue of Theorem 12 for lacunary power series.
Theorem 14. Let f € Hol(D) be given by a lacunary power series, of the form
f(z) =Y qarz™ (2 € D) with ngy > Any, for all k, for a certain A > 1,

and suppose that the sequence of coefficients {ay}72, satisfies
Z lax|*(log ny)? < oo. (2.4.6)
k=1

Then the function f satisfies the following conditions:
(i) f € M(BMOA)
(i) f € M(D)_y "BMOA,D;_; "\ BMOA) whenever 0 < p <q and q > %

Furthermore, if 0 < ¢ < % then there exists a sequence {ay} which satisfies (2.4.6)
and such that f ¢ Dy ;. Thus for this sequence {ay} the function f satisfies:

(a) f € M(BMOA).

(b)) If 0 < p < Xand X\ > 1/2 then f € M(D)_, N BMOA,D}_,) whenever
0<p<A.

(c) [ ¢ M(D,_,NBMOA, D} | " BMOA) whenever 0 < p < q.

Proof. Part (i) follows from Proposition4. Part (ii) follows from Theorem 11 for

g > 1 and from Lemmab (with o = 3) whenever 0 < ¢ < 1.

Now, if 0 < g < % take

ar=k"Y1 k=12, ...
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and
f(z)= Zakz2k, zeD
k=1
Clearly,

o0 oo
Z lax|*k® < 0o, and Z lag|? = oo.
k=1 k=1

Then f satisfies conditions (a), (b) and (c) of Theorem 14. [J

Finally we prove that whenever ¢ < p then the null function is the only multiplier
from D) ; " BMOA to Dj_; N BMOA, except in the cases covered by (2.4.2).

Theorem 15. If 0 < ¢ < p < oo and q < 2, then
M(D, ;N BMOA,D} ;N BMOA) = {0}.

Proof. Suppose that 0 < ¢ < p < o0, ¢ < 2 and g € M(Dg_1 N BMOA,DS_1 N
BMOA) with g # 0. Take a,, = &x (n=1,2,...) with

11 1
max (-, — | <A< —
2'p q

and set f(z) = > anz*" (2 € D). We have that f € D) N BMOA\D]_,. Then
we use the Rademacher functions as in the proof of Case 3 of Theorem 1 (ii).
Let {r(t)} be the Rademacher functions and f;(z) = Y250, 7 (t)axz>". We have

that f, € D) | N BMOA\D]_, for all 0 <t < 1. Moreover

IfellBrroa < ([ fllm2, t€10,1]

and

Sl = illy = If ey t€[0,1] (2.4.7)
k=0

Since g # 0, there exists a positive constant C' such that MJ(r,g) > C, 1/2 <r < 1.
Using Fubini’s theorem, Khinchine’s inequality and bearing in mind that f’ is also
given by a power series with Hadamard gaps (thus Ms(r, f') < My(r, f’)) we have
that
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[ [ s - aac

< ) a1 — 212V 1dA(2)d ' q 91 — 2121 dA()d
N/O/D|<gf><z>\ (1 |2P) (z)t+/O/D\fg(2)! (1= [=)~ dA ()
Sl mion+ [ WO [ RG22

Sy moa+ [ 19/GIIME(] L~ )1 A

Sy oon + 17 uos [ 190701 = =Py dAG)

5 “quDg_lﬂBMOA'
(2.4.8)
On the other hand, since g # 0, there exists a positive constant C' such that
Mi(r,g) > C, 1/2 < r < 1. Using Fubini’s theorem, Khinchine’s inequality and
bearing in mind that f’ is also given by a power series with Hadamard gaps (thus
My (r, f') < My(r, f')) we have that

[ [ o - - aac
/|g o= ([ s ar) aa

/ N M A 249

M )M (L — ) dr
1/2
1

>C M (r, f)(1 = )" dr = +o0.
1/2

This is in contradiction with (2.4.8). It follows that g = 0. O
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2.5 Integral operators on Dirichlet subspaces of

the Bloch space

We begin studying the integral operator I,( fo §)dé on BND

spaces.
Theorem 16. Let g be an analytic function and p,q > 0. Then the following hold:

(i) If 0 < p < q < oo then I is bounded from BND, | to BNAD;_, if and only if
g e H™.

(11) If 0 < q¢ < p < oo the operator I, is bounded from BNDY_, to BND!
only if g = 0.

if and

q—1

Proof. Assume that I, : BND, ; — BN D] | is a bounded operator. Since

SUPgep ||90a||BmD§j_l < 00, for any z € D

sup (1 - [2[)¢a(2)9(2)] < IHg(pa)llsrms_, S lallsnor | < C <00, (2551)

in particular taking z = a, sup,cp |g(a)| < C, that is g € H*.
On the other hand, if g € H*

/ L) (2)[1(1 — |2 dA(z / 19(2) Sl

< Nlgllre 1 F5pe_,»

where in the last inequality we use that 0 < p < ¢ < co. Moreover

1,(f)' ()11 = [2*) = [g(2) f' ()L = |21*) < llgllzr= ]l f | e

p—1

(2.5.3)

which finishes the proof of (i).
(ii). Assume that ¢ # 0 and take a, = nl/% with 0 < ¢ < % - % and

flz) = >7, anz2n. Let {ri(t)} be the Rademacher functions and let fi(z) =
S0 mi(t)arz?". Then by Proposition A, f € BND?_, \DI_|,

1flls = sup fan| =< [[fills, ¢ €10,1]

and

||ft||Dp 1 = ||f||D£71a te [07 1] (254)
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Since g # 0, there exists a positive constant C' such that Mi(r,g) > C, 1/2 <r < 1.
Using Fubini’s theorem, Khinchine’s inequality and bearing in mind that f’ is also

given by a power series with Hadamard gaps (thus Ms(r, f') < My(r, f’)) we have

that
//Uﬁ 91— |2[?) A ()t

j//M@MM%—MWWM@ﬁ
- [late - =y (/m e ) dA)

(2.5.5)
/m ~ ) Ml £)A()

o M(r, )M (r, f)(1 = r?)" dr

>C M (r, f)(1 = r*)"dr = 400,
1/2

which implies that for some t € [0,1], [} [I,(f;)'(2))]4(1 — |2]*)?'dA(2) = co. Con-
sequently g must be the null function.
m

Before presenting our result concerning the integral operator 7,, we need to prove

a preliminary result.

Proposition 5. Assume that 0 < p,q <2 and X is a subspace of B. Then
xXnDp , C H.

Proof. If p > q, the assertion follows from (1.2.2). If p < ¢ then we use that Bloch

subspaces of Dp 1 spaces are nested to assert that

xXnD, ,cxnD],CcD], CH. (2.5.6)
This finishes the proof. O

Theorem 17. Let g be an analytic function and 0 < p,q < oco. The following hold:

i) If2 < q < oo, thenT, : BNDY_| — BNDY_, is bounded if and only if g € Bioyg.
9 p—1 q—1 g
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(i) If 0 < max{p,1} < q <2 then T, : BND, | — BND;_, is bounded if and
only if g € Biog.

(i) If 1 < q<p<2thenTy: BND, | — BND] | is bounded if and only if
g € Blog-

(w) If0<p<qg<l, a> % and g € Biog,a, then Ty : BND) | — BND]_| is
bounded. Moreover, there exists g € By, 1 such that Tg(BﬂDﬁ,’fl) ¢ BNDj_,

(v) If0<q§2<p,q<oz—%+§) > 1 and g € Bioga, then Ty : BND) | —

BND]_, is bounded. Moreover, if q <a — % + %) = 1, there exists g € Biog,a
such that T,(BND)_,) ¢ BND]_,

Proof. First we shall prove that g € B,y whenever T, : BND) ;, — BND;_,,
0 < p,q < oo is bounded. In particular, this gives the necessity part of (i), (ii) and
(iii). Set fo(z) = log =, 0 € [0,2m). By (2.1.4) {fo}oc[o,2x) is uniformly bounded
in BND;_;. Thus

sup (1= [P T(fo())l = sup (1= |zP)lg'(2)fo(2)| £ sup | follsnor, < oo
z€D, 6€[0,2m) z€D, 6€[0,2) 0€[0,27)
So for any z € D, choose e = é Then we have that

1
sup [g'(2)[(1 — [2]) log < 00,
zeD 1 - ‘Z’

that is g € Big.
On the other hand, take f € BND,_;, a« > 1 and g € Bjogn - Then

, 1
1T(F)lls = sup g’ (2) f(2)|(1 = [2]) S sup |g'(2)[(1 = [2]) log —= < (|95 0
zeD 2€D 1—|z|

Thus, in any case (i)-(v), To(BND;_;) C B. Next, we shall prove that T,(BND;_,) C
D

p—1

for the distinct values of the parameter «.

TNl = [ 17N = P dAc)

1 q _ »\q1
< / Ter ﬁMq<r,f><1 LR

1
1
= q
/0 1= logr = et D
=A(p, ¢, ).
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If 2 < ¢ < o0, bearing in mind that f € B, it follows from [21] that M,(f,r) =
O ((log1%)* ). Thus

which gives (i).
If p and ¢ are as in (ii) or (iii), then we apply Proposition 5 to get

1
1
Am%n5W%W(/ dr < oo. (2.5.8)
p—1 O (1 —_— T’) 1—7‘

Now we shall prove (iv). Observe that if 0 < p < ¢ < 1 and a > %, it follows

from Proposition 5 that

1
log™?

1
Am%M§W%W7/ dr < oo, (25.9)
=1 Jo (L—1)

_€_
1—r

so Ty : BND, | — BND]_ is bounded. Furthermore, by Proposition 1, there
exists g € Buog,1/q \ Di_y, which implies that T,(BND}_;) £ BND}_,.
Finally we prove (v). By (1.2.4)

! 1 1 \:»
A < 1 d
(I)7q706>r\J/0v (1—7’)10gqa%(0g1—7’) r
" (2.5.10)

! 1
:/ —— dr < 00
0 (1—r)log?@2"%)

because ¢ (04 — % + 1_17) > 1.

Next, assume that ¢ (oz -1+ %) = 1 By [1] (see also [48, Theorem 1]) there

exist g1, 92 € Biog,a such that

1
191(2)] + 192(2)] 2 , z€D.

(1= |2 (log )
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So,
1o (Dllps, + 11 To(NIpe, = /D [F()|*(1g5(2)|" + 1ga(2)|") (1 = [2*)T dA(2)

> C/D £ (2)]7(g1(2)] + |ga(2) ) (1 = [2[*) 7 dA(z)
! 1

0 (1—r) <log ﬁ)

agdr.

2

&2\ =1
Now, let i <~ < % and ® : [0,1) — (1,00), defined by ®(r) = (loglog f_r> )
Then

- = (= N

Y

o2 )
log T log log -
which is a decreasing function of r, so applying [61, Lemma 10] we obtain a function
f € D_, such that for any r > 1

M) 2 (10 1;)% (g0 —r>)1 2 .

<log ﬁ)

An inspection of the proof of [61, Lemma 10] gives us that f € £, so by Proposition

S
[V L) Y

3=

(log log 1—;)7

A, f € BND,_,, and moreover the above estimates gives

! 1
||Tgl(f)||qu_l + ||T92(f)||§’>3_1 Z[ M(r, f)( dr
1

1 I
— ) ( og 1_|T‘>
1
> dr = oo.
~ L L \4etps) 1\
2 (1—7) (log (1_T)> (log log 1_T)

This implies that either Ty, (f) & Dy_; or Ty, (f) & Di_;. The proof is complete. [

We turn our attention to Dirichlet subspaces of BMOA.
Theorem 18. Let g € Hol(D). Then the following assertions are true:

(i) If0 <p<q<oo, Iy: BMOAND, | — BMOANTD]_, is bounded if and
only if g € H™.
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(i) f0<q<p<ocandq<2,l,: BMOAND, ; - BMOAND;,_, is bounded
if and only if g = 0.

(i) If0 < qg<p<ooandq>2,1,: BMOAND;, | — BMOAND]_, is bounded
if and only if g € H*.

Proof. The necessity part of (i) can be proved arguing as in part (i) of Theorem 16.
Reciprocally, assume that ¢ € H*, then for every f € Dg_l NBMOA

/][/ —|2*)? 'dA(2) + sup |I|/1)u/ 21— |2]*)dA(z) =

ICT

/Ig o)A +swp [ (g ()L - [?)dAG)

et || Js

< ||9||H°°||f||BMOAmD§ x

(2.5.11)
(ii). Assume that g # 0. Take a,, = & (n=1,2,...) with

=

and set f,(z) = S0 r(apz?, f(z) = fi(z) where {ri(t)} are, as usual, the
Rademacher functions. We have that f, € D) ;N BMOA\D]_, for all 0 <t < 1.

Moreover since f; are lacunary series

[fell Baroa = [ fell > = [ flla2, ¢ €[0,1]

and by Proposition A,

I fellpz_, < I fllpz_,, € [0,1]. (2.5.12)

Since g # 0, there exists a positive constant C' such that Mi(r,g) > C, 1/2 <r < 1.
Using Fubini’s theorem, Khinchine’s inequality and bearing in mind that f’ is also
by a power series with Hadamard gaps (thus Ms(r, f') < M,(r, f')) we have that
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/ [ = Ry aac)d
- / a1y aae)d
= [ st - =py (/ ) A

(2.5.13)
/ |g ) M), f)dA(z)

. M )M, £)(1 =

2\g—1
>C » M2 (r, fY(1 —r*)¥ dr = +oo.
This shows that for some t € [0, 1],

/u'ft (1 — |22)1 dA(2) = oo,

hence g = 0.
If p>qand ¢ >2then D) | N BMOA =D} N BMOA = BMOA and hence
(iii) can be reduced to p = ¢ > 2 which is covered by (i).
[

Theorem 19. Let g € Hol(D). Then the following hold:

(i) If ¢ > 1 then T, : BMOAND, | - BMOANTD]_, is bounded if and only if
g € BMOAlOg.

(i) If g <1 then if g € BMOAjpga, o € (%, 00), Ty : BMOANDY | — BMOAN
Dj_, is bounded.

Proof. Assume first that T}, is bounded and let f, (a € D) be the test functions
1
1 eD.
falz) =log ——, 2
We already showed in the proof of Theorem 10 that the family {f, : a € D} is
uniformly bounded in D} ; N BMOA for all A > 0 and there exists an absolute
constant C' > 0 such that for any arc I C 0D

< fu2)| < Clog =

, zeS(),

—log 7
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where a = (1 — \II —)¢ with § being the center of I.
So

log? -2 2
—m Jon (1= 129’ (= )!2dA < 7 Joon (L= [P fa(2)Plg' ()P dA(2)
u| fsu INTy(fa)(2)P dA(2) < Ol full = C
that is g € BMOAj,y. Reciprocally, take f € Dy | N BMOA. First we observe
that if g € BMOA,,, then by [68] || 1,(f)|lsmoa < C||f||sroa, so we only need to
concern ourselves with || 7, (f )HDZ,l

Let o > 0 and g € BMOA 550 C Biog,o- Keeping in mind that BMOA C HY
for all ¢ > 0, we have that

[imera-spriaae) = [ 1) 22 dA()

N/O (1- T)qlog = M (r, f)(1 = )" dr

1
1
< d
NHfHDSﬂ'TBMOAA (1 . r) logaq 1_: r
(2.5.14)
if ¢ > 1 the last integral converges for a = 1 and since we already proved the

necessity, (i) holds. If ¢ < 1, and o € (%, 00), the integral again converges hence (ii)
holds. O

Regarding the study of integration operators on H> N Dg_l, I would like to
comment that our results are not satisfactory. The problem ends up with that of
describing those analytic functions g such that 7, : H*° — H* is bounded. This is

something that does not follows with our techniques.



Chapter 3

A generalized Hilbert matrix

acting on Hardy spaces

In this chapter we shall study a new class of integral operators associated with
certain Hankel matrices acting on Hardy spaces. Most of our results concerning this

topic are included in [20].

If 1 is a finite positive Borel measure on [0,1) and n = 0,1,2,..., we let pu,

denote the moment of order n of u, that is,

o = / £ du(t),
[0,1)

and we define H,, to be the Hankel matrix (fi,, x)n k>0 With entries fi, p = ftp+%. The
matrix H, can be viewed as an operator on spaces of analytic functions by its action

on the Taylor coefficients:
[e.e]
ap, — Z,un,kak, n=20,1,2---.
k=0

To be precise, if f(z) =Y p,axz® € Hol(D) we define

Hu()(2) = ( Nn,kak) 2", (3.0.1)

n=0 k=

whenever the right hand side makes sense and defines an analytic function in D.

If p is the Lebesgue measure on [0,1) the matrix #, reduces to the classical
Hilbert matrix H = ((n+k+1)7"), ;50, which induces the classical Hilbert op-

erator H, a prototype of a Hankel operator which has attracted a considerable

95
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amount of attention during the last years. Indeed, the study of the boundedness,
the operator norm and the spectrum of H on Hardy and weighted Bergman spaces
[5, 23, 24, 37, 63] links H up to weighted composition operators, the Szegd projection,
Legendre functions and the theory of Muckenhoupt weights.

Hardy’s inequality [27, page 48] guarantees that H(f) is a well defined analytic
function in D for every f € H'. However, the resulting Hilbert operator H is
bounded from H? to H? if and only if 1 < p < oo [23]. In a recent paper [51]
Lanucha, Nowak, and Pavlovic have considered the question of finding subspaces of
H' which are mapped by H into H'.

Galanopoulos and Peldez [38] have described the measures p so that the gen-
eralized Hilbert operator H,, becomes well defined and bounded on H'. Carleson
measures play a basic role in the work. Indeed, Galanopoulos and Pelaez proved in
[38] that if p is a Carleson measure then the operator H, is well defined in H',

obtaining en route the following integral representation

Ho(f)(z) = /[O 1)%@@), ceD, forall feH.  (3.02)

For simplicity, we shall write throughout the chapter

e = [ IO ), (3.0.3

whenever the right hand side makes sense and defines an analytic function in D.
It was also proved in [38] that if [,(f) defines an analytic function in I for all
f € H', then u has to be a Carleson measure. This condition does not ensure the

boundedness of H,, on H', as the classical Hilbert operator H shows.

Let © be a positive Borel measure in D, 0 < a < oo, and 0 < s < oo. Following
[73], we say that p is an a-logarithmic s-Carleson measure, respectively, a vanishing

a-logarithmic s-Carleson measure, if

1 (S(a)) (1og ﬁ) N (S(a)) (log —ﬁap)
su < 00, respectively, lim
i S R P P WS T U ey

= 0.

Theorem 1. 2 of [38] asserts that if 4 is a Carleson measure on [0, 1), then #,, is
a bounded (respectively, compact) operator from H' into H! if and only if u is a 1-
logarithmic 1-Carleson measure (respectively, a vanishing 1-logarithmic 1-Carleson

measure).
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It is also known that #, is bounded from H? into itself if and only if p is a

Carleson measure (see [64, p. 42, Theorem 7.2]).

Our main aim in this chapter is to study the generalized Hilbert matrix H,
acting on H? spaces (0 < p < o0). Namely, for any given p,q with 0 < p,q < oo,
we wish to characterize those for which #,, is a bounded (compact) operator from
HP into H? and to describe those measures p such that H,, belongs to the Schatten
class S,(H?). A key tool will be a description of those positive Borel measures u on
[0,1) for which H,, is well defined in H? and H,(f) = I,(f). Let us start with the
case p < 1.

Theorem 20. Suppose that 0 < p < 1 and let u be a positive Borel measure on

[0,1). Then the following two conditions are equivalent:

(i) pis an %—C’arleson measure.
(11) 1,(f) is a well defined analytic function in D for any f € HP.

Furthermore, if (i) and (i) hold and f € HP, then H,(f) is also a well defined
analytic function in D, and H,(f) = 1,(f), for all f € HP.

We remark that for p = 1, this reduces to [38, Proposition 1. 1].

For 0 < ¢ < 1, we let B, denote the space consisting of those f € Hol(D) for
which

/0 (1-— r)%_QMl(r, f)dr < .

The Banach space B, is the “containing Banach space” of H?, that is, H9 is a dense
subspace of B,, and the two spaces have the same continuous linear functionals [26].
Next we shall show that if ;4 is an 1/p-Carleson measure then #, actually applies
HP into B, for all ¢ < 1. We shall also give a characterization of those p for which
H, maps HP into H? (¢ > 1). Before stating these results precisely, let us mention

that all over the chapter we shall use the notation that for any given o > 1, o/ will

6]

denote the conjugate exponent of «, that is, i + é =1,ora =%

Theorem 21. Suppose that 0 < p < 1 and let p be a positive Borel measure on

[0,1) which is an %-Carleson measure.

(1) If 0 < q <1, then H, is a bounded operator from HP into By, the containing
Banach space of HY.
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(ii) H,, is a bounded operator from HP into H' if and only if p is an 1-logarithmic
%—Carleson measure.

(i) If ¢ > 1 then H, is a bounded operator from HP into H? if and only if p is

an 1—17 + &-CCLTZGSOTZ measure.

Let us state next our results for p > 1.
Theorem 22. Suppose that 1 < p < oo and let u be a positive Borel measure on
[0,1). Then:

(v) 1,(f) is a well defined analytic function in D for any f € HP if and only if p1

18 an 1-Carleson measure for HP, or, equivalently, if and only if

/01 (/01_8 Clm——(tz?)p/ ds < oo. (3.0.4)

(it) If p satisfies (3.0.4) then H,(f) is also a well defined analytic function in
D, whenever f € HP, and

Hu(f) = 1u(f),  for every f € H”.

Theorem 23. Suppose that 1 < p < oo and let p be a positive Borel measure on
[0,1) which satisfies (3.0.4).

(i) If 1 < p < q < oo, then H, is a bounded operator from HP to H? if and only

if uis an % + &-Carleson measure.

(i1) If 1 < g < p, then H, is a bounded operator from H? to H? if and only if the
function defined by s +— fl_s i) (s 0,1)) belongs to L(%) ([0,1)).

0 1-t

(i) H, is a bounded operator from HP to H' if and only if the function defined by

o L /
S fol_s % (s € [0,1)) belongs to LP ([0,1)).

(w) If 0 < q < 1, then H,, is a bounded operator from HP into B,.

Let us remark that both if 0 < p < 1 and g is an 1/p-Carleson measure, or if
1 < p < oo and p satisfies (3.0.4), we have that p is an 1-Carleson measure for H”.
By the closed graph theorem it follows that, for any ¢ > 0,

H,(H?) C H! < H, is a bounded operator form H” into HY.
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Substitutes of Theorem 21 and Theorem 23 regarding compactness will be stated

and proved in Section 3.4.

Finally, we address the question of describing those measures o such that H,
belongs to the Schatten class S,(H?), (1 < p < o). Given a separable Hilbert space
X and 0 < p < o0, let S,(X) denote the Schatten p-class of operators on X. The
class S,(X) consists of those compact operators 7" on X whose sequence of singular
numbers {\,} belongs to ¢, the space of p-summable sequences. It is well known

that, if A, are the singular numbers of an operator T, then
A = M(T) =inf{||T — K| : rank K < n}.

Thus finite rank operators belong to every S,(X ), and the membership of an operator
in S,(X) measures in some sense the size of the operator. In the case when 1 <p <

00, Sp(X) is a Banach space with the norm

1/p
1T, = <Z|)‘n|p> :

while for 0 < p < 1 we have the following inequality ||T" 4 S||5 < ||T'||> + [|S||h. We

refer to [75] for more information about S,(X).

Galanopoulos and Peldez [38, Theorem 1. 6] found a characterization of those
for which H,, is a Hilbert-Schmidt operator on H? improving a result of [66]. In [64,
p. 239, Corollary 2.2] it is proved that, for 1 < p < co, H,, € S,(H?) if and only if
hu(z) = > 07 fnt12™ belongs to the Besov space BP (see [75, Chapter 5]) of those
analytic functions ¢g in D such that

lgll5» = 19(O)" + /D 9/ (2)P(1 = [2]*)P~* dA(2) < 0.

We simplify this result describing the membership of H,, in the Schatten class S,(H?)

in terms of the moments .

Theorem 24. Assume that 1 < p < oo and let o be a positive Borel measure on
0,1). Then, H,, € S,(H?) if and only if > o o(n+ 1)P~tup < co.
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3.1 Preliminary results

In this section we shall collect a number of results which will be needed in our
work. We start by obtaining a characterization of s-Carleson measures in terms of

the moments.

Proposition 6. Let 1 be a positive Borel measure on [0,1) and s > 0. Then u is

an s-Carleson measure if and only if the sequence of moments {,}5°, satisfies

sup (1 +n)® p, < oo. (3.1.1)
n>0

The proof is simple and will be omitted.

The following result, which may be of independent interest, asserts that for any
function f € H? (0 < p < oo) we can find another one F' with the same HP-norm

and which is non-negative and bigger than |f| in the radius (0, 1).

Proposition 7. Suppose that 0 < p < oo and f € HP, f £ 0. Then there exists a
function F' € H? with ||F||ge = || fllgr and satisfying the following properties:

(i) F(r) >0, for all r € (0,1).

(i) | f(r)| < F(r), for allr € (0,1).

(i11) F' has no zeros in D.

Proof. Let us consider first the case p = 2. So, take f(z) =Y " a,z" € H?, f #0.
Set G(z) =Y 0"y lan|z" (z € D). Then G € H? and ||G| g2 = || f||g2. Furthermore,
we have:

0<|f(r)] <G(r) and G(r) >0, forall re (0,1), (3.1.2)

and
G(z) =G(2), zeD. (3.1.3)

By (3.1.2) and (3.1.3) we see that the sequence {z,} of the zeros of G with z, # 0
(which is a Blaschke sequence) can be written in the form {z,} = {«, }U{a, }U{8.}
where Im(a,,) > 0 and —1 < (3, < 0. Then the Blaschke product B with the same

zeros that G is
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where m is the order of 0 as zero of G (maybe 0). Using the Riesz factorization
theorem [27, Theorem 2. 5], we can factor G in the form G = B- F where F is an H?-
function with no zeros and with || f| g2 = ||G|lg2 = || F||g2. Notice that B(r) > 0,
for all » € (0,1). This together with (3.1.2) gives that F'(r) > 0, for all r € (0,1).
Finally since |B(z)| < 1, for all z, we have that G(r) < F(r) (r € (0,1)) and then
(3.1.2) implies |f(r)| < F(r) (r € (0,1)). This finishes the proof in the case p = 2.

[f0<p<ooand f € HP, f # 0, write f in the form f = B - g where B is a
Blaschke product and g is an HP-function without zeros and with ||g||g» = || f]|z»-
Now ¢P/?> € H?. By the previous case, we have a function G € H? without zeros,
which take positive values in the radius (0, 1), and satisfying ||G||z> = ||¢"/?||z> and
lg(r)|P/? < G(r), for all » € (0,1). It is clear that the function F = G?/P satisfies

the conclusion of Proposition 7. O]

We shall also use the following description of a-logarithmic s-Carleson measures
(see [73, Theorem 2)).

Lemma B. Suppose that 0 < a < 00 and 0 < s < o0 and p is a positive Borel

measure in . Then u is an a-logarithmic s-Carleson measure if and only if

def 2 @ ]_ - |CL|2 s
Ko s(p) < 1 ) d . 1.4
o(u) = sup (og - |a|2) /D <|1 —ap 1(z) < oo (3.1.4)

When o = 0, the constant Ko s(p) will be simply written as Ks(p). We remark that,
if s > 1, then K(p) is equivalent to the norm of the embedding i : H? — LP*(du)
for any p € (0, 00).

Next we recall the following useful characterization of ¢-Carleson measures for
H? in the case 0 < g < p < 0o (see [14, 54, 70]).

Take a with 0 < o < 5. Given s € R, we let 'y (e’*) denote the Stolz angle with
vertex €' and semi-aperture «, that is, the interior of the convex hull of {e"*}U{|z| <

sina}. If p is a positive Borel measure in D, we define “the a-balagaye” fi, of i as

N dp(z)
fio(€) = / , seR.
To(ei®) 1-— |Z|

follows:

Theorem D. Let i be a positive Borel measure on D and 0 < g < p < oco. Then u
is a q-Carleson measure for H? if and only if [i, € Lﬁ(OD) for some (equivalently,
for all) o € (0, 7).
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A simple geometric argument shows that if the measure p is supported in [0, 1)
then T, (e*) N [0,1) = [0, s4), where

1 — 54~ (tana)s, ass— 0.
In particular, this implies the following.

Theorem E. Let o be a positive Borel measure on D supported in [0,1), 0 < ¢ <
p < o0o. Then p is a g-Carleson measure for H? if and only if

/o1 </01_S Cfu——(tz)pi] ds < oo. (3.1.5)

3.2 Proofs of the main results. Case p < 1.

Proof of Theorem 20.
(i) = (ii). Suppose that p is an 1/p-Carleson measure. Using [27, Theorem 9. 4],

we see that there exists a positive constant C' such that

41) |f(@)]du(t) < C|fllue, forall fe HP. (3.2.1)

Take f € HP. Using (3.2.1) we obtain that

- C »
S ([ o) < G cep

n=0

This implies that, for every z € D, the integral

ft) B o
/[0 LiEwo = [ (Zt . ) dpt)

converges and that

L(f)(z) = /[0 IO gy = 3 (/[O RE0 du(t)> 2 zeD. (3.2.2)

1) 1—1tz

n=0

Thus I,(f) is a well defined analytic function in D.
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(ii) = (i). We claim that
/ lf(t)] du(t) < oo, forall fe HP. (3.2.3)
[0,1)

Indeed, take f € HP. Let F be the function associated to f by Proposition 7. Since

F € HP?  we have that the integral f[o IF(; du(t) converges for all z € D. Taking

z = 0 and bearing in mind that 0 < |f(¢)| < F(t) (t € (0,1)), we obtain that

[ s < [ Foa <o
[0,1) [0,1)

Thus (3.2.3) holds.
For any 5 € [0,1) and f € H? define

Ts(f) = f - Xgo<)=1<5}-

By (3.2.3), Tj is a linear operator from H? into L'(du) and by the lemma in [27,
Section 3. 2],

IT5(Plran) = Sop | F @O dut) < [supi<slf ()] - u((0,8)) < Csll fllme, € HP.

Thus, for every 8 € [0,1), Tj is a bounded linear operator from H? into L'(dpu).
Furthermore, (3.2.3) also implies that

sup |75 s < / F()| du(t) = C; < 00, for all f € HP.

0<B<1 [0,1)
Then, by the principle of uniform boundedness, we deduce that supge(o 1y [|T5]| < o0
which implies that the identity operator is bounded from H? into L'(du). Using

again [27, Theorem 9. 4] we obtain that p is an 1/p-Carleson measure.

Assume now (i) (and (ii)), that is, assume that p is 1/p-Carleson measure. Take
f € HP, f(z) = > 12 ax2" (2 € D). By Proposition6 and [27, Theorem 6. 4] we
have that there exists C' > 0 such that

C
k| = |l < CES0 and |ay| < C(k+1)3P/P for all n, k.

Then it follows that, for every n,

|| T
Zmnknakr _CZ T - Z T

Jar]” (k +1)¢ —2
SCZ kHl/p O§<k+1>p ar
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and then by a well known result of Hardy and Littlewood ([27, Theorem 6. 2]) we
deduce that

Zmnkuak\ CllfIB,, for all n.

This implies that H, is a well defined analytic function in D and that

/ t"f(t) du(t) = Z,un,kak, for all n,
[0,1) k=0

bearing in mind (3.2.2), this gives that H,(f) = 1,(f). O

Proof of Theorem 21.
Since p is an 1/p-Carleson measure, there exists C' > 0 such that (3.2.1) holds.
This implies that

15

Using Theorem 20, (3.2.4) and Fubini’s theorem, and Cauchy’s integral representa-

du(t)df < oo, 0<r<1, f€HP, ge H'. (3.24)

1— 7“61915

tion of H'-functions [27, Theorem 3. 6], we obtain

“nneey g = [ ([ HOWE) gman

0 1 — reift

- /[ R0 / C I gy = [ f@Ogidn), 0<r <1, f e 1, g €

1 — reift 0,1)
(3.2.5)

(i) Take g € (0,1). Bearing in mind (3.2.5) and (3.2.1) we deduce that

(629)d9‘ < Cllfllarligla=, 0 <r <1, feH" geH”.

(3.2.6)
Now we recall [26, Theorem 10] that B, can be identified with the dual of a certain
subspace X of H* under the pairing
2

<fg>—hmi f(re®) g(e®)d, feB, feX.

r—1 2

This together with (3.2.6) gives that #, is a bounded operator from H? into B,.
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(i) We shall use Fefferman’s duality theorem [30, 31], which says that (H')* =
BMOA and (VMOA)* = H' under the Cauchy pairing

2w

(f,g) = lim — [ f(re®)g(e®)dd, fe H', g€ BMOA (resp. VMOA),
(3.2.7)
We mention [12, 39, 41], as general references for the spaces BMOA and VMOA.
In particular, Fefferman’s duality theorem can be found in [41, Section 7].
Using the duality theorem and (3.2.4) it follows that #, is a bounded operator

from HP into H' if and only if there exists a positive constant C' such that

F@g(rt) du(®)| < Clifllurllglizaoa, 0<r <1, feH”, geVMOA.

(3.2.8)
Suppose that H,, is a bounded operator from H? to H'. For 0 < a,b < 1, let the
functions g, and f, be defined by

1

B2 1/p
gu(2) =log = fi2) = (ul_—bz)Q) . zeD. (3.2.9)

A calculation shows that {g,} C VMOA, {f,} C H?, and

sup ||gallBrmMoa < oo and  sup ||fp||mr < 0. (3.2.10)
a€l0,1) be[0,1)

Next, taking a = b € [0,1) and r € [a, 1), we obtain

/01 fa(t)ga(rt) du(t)‘ > /a1 <(11__—§)2>1/p log - _2mt dp(t),

which, bearing in mind (3.2.8) and (3.2.10), implies that p is an 1-logarithmic %—
Carleson measure.
Reciprocally, suppose that p is an 1-logarithmic i—Carleson measure. Let us see

that H,, is a bounded operator from H? to H'. Using (3.2.8), it is enough to prove
that there exists C' > 0 such that

1
/ [fOllg(rt) du(t) < ClIflluellgllBrroa,  for all € (0,1), f € H”, and g € VMOA.
0
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By [27, Theorem 9.4], this is equivalent to saying that, for every r € (0,1) and every
g € VMOA, the measure |g(rz)|du(z) is an 1/p-Carleson measure with constant
bounded by C||g||srmoa. Using Lemma B this can be written as

1— lal? /p
o [ (4) 9(r2)| du(z) < Cllgllnon, 0 <r <1, g€ VMOA,
a€D JD ‘1—GZ|
(3.2.11)

So take r € (0,1), a € D and g € VMOA. We have

/ (H)/\ (r2)| du(2)

<t [ (A" e+ [ (R gtee) - gt
= Ii(r,a) + Is(r,a).

Bearing in mind that any function g in the Bloch space B (see [9]) satisfies the

growth condition

2
lg(2)| < 2|lglls log T for all z € D, (3.2.12)
— |Z

and BMOA C B [41, Theorem 5. 1]), by Lemma B we have that

[(r, a g (0] d Z
1\’ =~ BMOA g 1 | | |1 — |2 H

(3.2.13)
< CK, 1 (wll9llBroa < oo.

Now, since p is an 1/p-Carleson measure, Lemma B yields

Ly(r,a) <C

l9(rz) — g(ra)]

1—az

'@\'—‘

HP

2 1 |(I‘2 " 1/p
U g.(e) — go(a)[P dO
Ki(p) (/O = aelelzlgr(e ) — gr(a)] )

27 1—la 2 )
cry [ e - sl
0

1 — ae|?

H 1 . |a|2 1/p

'@\H

IN

where, ¢,.(z) = g(rz) (z € D). Now, using the conformal invariance of BMOA
([41, Theorem 3. 1])) and the fact that BMOA is closed under subordination [41,
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Theorem 10. 3], we obtain that

11— |af? i0
i mmr(e ) = gr(a)| df < Cllg] rroa
and then it follows that Iy(r,a) < CK1(p)||g||sroa. This and (3.2.13) give (3.2.11),
finishing the proof of part (ii).

(iii) Using (3.2.5), the duality theorem for H? [27, Section 7. 2] and arguing as in
the proof of part (ii), we can assert that H, is a bounded operator from H? to HY

if and only if there exists a positive constant C' such that

\ OO0 < WLl S ge Bt (@21
0,1

Now, by Proposition 7, it follows that (3.2.14) is equivalent to

/[01> FOl @) dpt) < Cl\flla gl f€H?, g€HT, (3.2.15)

and, by Lemma B, this is the same as saying the following:
For every g € HY the measure p, supported on [0,1) and defined by dy,(z) =
lg(2)| dp(z) is a 1/p-Carleson measure with K1 (py) < C||g|| o, that is,
P

1-— |CL|2 1/p ’
s [ (2es) Ol < Clalge, ge i’ @210
aeb Jjo,1) \ |1 —at|

Suppose that #H,, is a bounded operator from H? to H?. Then (3.2.16) holds.

For a € D, take
1— ’a‘2 1/¢
W(2) = | ———— , D.
wi= (foap) - o

Since sup,ep ||gall o < 00, (3.2.16) implies that

1 1
1— |al? >P+q’
sup / (—_ dp(t) < oo,
a€D J[o,1) 11 —at|?

that is, p is a zla + &—Carleson measure, by Lemma B.

Suppose now that p is an Il)—l— i—Carleson measure. Set s = 1+ 5. The conjugate

exponent of sis s’ =1+ % and 117 + % =7 = 2—:. Then, by [27, Theorem 9.4], H?
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is continuously embedded in L*(du) and H? is continuously embedded in L* (dpu),
that is,

1/s
(/[Ol)lf(t)ﬁdu(s)) < C|fllge, [ € H, (3.2.17)
and

1/s
(/[ )\g(t)ls du(s)) < Clgllge, g€ HY. (3.2.18)
0,1

Using Hélder’s inequality with exponents s and s, (3.2.17) and (3.2.18), we obtain

/[O \ |f@)]1g(t)|du(t) < ( /[0 ) PO du (8))1/5 ( /{071) . du(s))”s'

<C|fllae gl f€H, g€ H.

Hence, (3.2.15) holds and then it follows that 7, is a bounded operator from H? to
H. O

3.3 Proofs of the main results. Case p > 1.

Proof of Theorem 22 (i). Since u is an 1-Carleson measure for H?, (3.2.1) holds
for a certain C' > 0. Then the argument used in the proof of the implication (i) =
(ii) in Theorem 20 gives that, for every f € HP, I,(f) is a well defined analytic

function in D and
L(f)(z) = (/ £ f () du(t)) " zeD. (3.3.1)
n—0 [0,1)

The reverse implication can be proved just as (ii) = (i) in Theorem 20.
The fact that p being an 1-Carleson measure for H? is equivalent to (3.0.4)

follows from Theorem E.
(ii). Take f € H?, f(z) =Y 1oy arz” (2 € D). Set

Sn(f)(z)zzn:akzk, R.(f)(z) = i apzf, zeD, n=0,1,2,....
k=0

k=n+1
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Whenever 0 < N < M and n > 0, we have

M M
Z P O / t" ( Z aktk) du(t)
[0,1)

k=N+1 k=N+1

_ \ [ ¢ isutnm - sl du<t>]

< / S0 () (1) — Sw(£)(®)] du(t).
[0,1)

Using this, the fact that u is an 1-Carleson measure for H?, and the Riesz projection

theorem, we deduce that

M
E tniar — 0, as N, M — oo
k=N+1

for all n. This gives that the series Zzozo fn 0 converges for all n.

For n, N > 0, we have
N
/ " F(t) dp(t) — / " (Z a tt> du(t)
[0,1) [0,1) k=0

_ ‘/{0’1) t" Rn(f)(t) d#(t)'

<C|[Rx(f)ll -

Since 1 < p < oo, ||Ry(f)|lgr — 0, as N — oo, and then it follows that

N
[ @ dut) = Y s
0,1) Pt

S finsar = / £ f() dp(t), for all n,
o [0,1)

which together with (3.2.1) implies that H,(f) is a well defined analytic function in
D and, by (3.3.1), H,(f) = 1.(f). O

Let us turn to prove Theorem 23. In view of Theorem 22, H,, coincides with I,
on HP. This fact will be used repeatedly in the following.
Recall that (3.0.4) implies that p is an 1-Carleson measure for H?, that is, we

have

/[01) [f@Oldut) < Cllfllar, feH”.

Then arguing as in the proof of Theorem 21, we obtain
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1 —reift

[ neyg@ma= [ O g

27 i0
= / f(t)/ Lzedé’d,u(t) = f@®)g(rt)du(t), 0<r <1, f€ H’, g€ H".
[0,1) o Ll—revt [0,1)

(3.3.2)

Once (3.3.2) is established, (i) can be proved with the argument used in the proof
of part (iii) of Theorem 21.

Part (ii) of Theorem 23 is a byproduct of the following result.

Proposition 8. Assume that 1 < g < p < oo and let ju be a positive Borel measure

on [0,1) satisfying (3.0.4). Then, the following conditions are equivalent:

(a) H, is a bounded operator from HP to HA.
. 2pg". (m’)’
(b) H, is a bounded operator from Hr+d to H\r+d') .
2 ’
(c) Hv+7 is continuously contained in L3(p).

(d) The function defined by s — fl_s % (s € [0,1)) belongs to L(%> ([0,1)).

0

Proof. (a) = (b). Using duality as above, we see that (a) is equivalent to

Mﬂwﬁwﬂsmmww‘mm,wmﬂ (33.3)

Take f € H? and g € H?, and let F € H? and G € H? be the functions associated
to f and g by Proposition 7, respectively. Using (3.3.3) and Holder’s inequality, we
obtain

Auwwwwm%mmwwm—émﬂ%w@

S WE e |Gl e S M1 a2 19

(3.3.4)

2 /
Take now ¢ € H v By the outer-inner factorization [27, Chapter 2|, ¢ = ®-I where

2
[ is an inner function and ® € H»+7 is free from zeros and Pl 200 = ||®]] 20a -
Hop+d Hop+d
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/

2
Now let us consider the analytic functions f = $7+7 and g= $7+7 . We have

2q/

2/
f= Prid € HP,  with || f||gr = ||q)||p+@
Hp+q,

and
2p

2p ’ 7
g=®rd € HY with ||g]| g = ||®]|"*2

2pq’ *

Hp+d
Bearing in mind (3.3.4), it follows that
/ 6(8) 2 dp) / D) du(t)
= [ 1Ols aute
0
S WAl llglge = PP oy =17 20 »
Hp+d Hp+d

which gives (b)
(b) = ().

as above, (b) is equivalent to

2pq’
du(t)‘ <O s lloll sews fog € HEF.
H p+a Hp+a
Taking f = g we obtain

1
| @R au) < CUAR

H pr+a
This is (c).
Theorem E gives that (c¢) and (d) are equivalent.

(d) = (a). Using again Theorem E we have that Hp is continuously contained

in L7 (du) and HY is continuously contained in L7 5 (du) which together with
Holder’s inequality gives

[ sentorante < ([ 150 ) </ o ))

< CllMarllgll e, € H?, g€ HY,

and this is equivalent to (a). O
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Proof of Theorem 23 (iii). Just as in the proof of Theorem 21 (ii), #,, is a bounded

operator from H? into H! if and only there exists a positive constant C' such that

F)g(rtydu(t)| < Cllfllarlgllsroa, 0<r<1, fe€H?, geVMOA.
(3.3.5)
Let v be the measure on [0,1) defined by dv(t) = log % du(t), by TheoremE it

follows that the function s — fl ° M (s € ]0,1)) belongs to L¥([0,1)) if

and only if the measure v is an 1-Carleson measure for H?.

‘ [0,1)

Consequently, we have to prove that
(3.3.5) & v is an 1-Carleson measure for H?.

Suppose that (3.3.5) holds. For 0 < p < 1, let g, be the function defined by
g,(2) = logﬁ (z € D), then

g, € VMOA, for all p € (0,1), and sup ||g,||smoa =A< 0.
0<p<1

On the other hand, if f € H?, 0 <r < 1, and F' is the function associated to f by
Proposition 7, it follows that

1 [
| 1s0losi——dut) < [ F@) 3000 < CAIFlar = C Al
[0,1) L —prt [0,1)

for every p € (0,1). Letting r and p tend to 1, we obtain

/ £ ()] loglitdu(t) < CAlf]lae.
[0,1)

Thus v is an 1-Carleson measure for HP.
Conversely, assume that v is an 1-Carleson measure for H?. Take r € (0,1), f €
H? and g € VMOA. Using (3.2.12), we obtain

2
— du(t) < Cllgllzmoallfllur

FOEA )| < Clalswos [ 170 os

[0,1)
U

Proof of Theorem 23 (iv). Assume that the function defined by s — f — d

(s € [0,1)) belongs to L”'([0,1). By Theorem E, this implies that HP is Contmu—
ously contained in L!(du). From now on, the proof is analogous to the proof of
Theorem 21 (i). O
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3.4 Compactness.

The next theorem gathers our main results concerning the study of the compact-

ness of H, on Hardy spaces.
Theorem 25. Let 1 be a positive Borel measure on [0,1).

(1) If 0<p<1 andp is al/p-Carleson measure, then H, is a compact operator
from HP to H' if and only if p is a vanishing 1-logarithmic 1/p-Carleson

measure.

(1) If 0 < p <1 < q and p is a 1/p-Carleson measure, then H, is a compact

operator from HP to H? if and only if i is a vanishing %—i—?—C’arleson measure.

(iii) If 1 < p < q and p satisfies (3.0.4), then H,, is a compact operator from HP

to HY if and only if p is a vanishing % + i—Carleson measure.

(w) If1 < p < oo, p satisfies (3.0.4) and 1 < q < p, then H,, is a compact operator
from HP to H? if and only if it is a bounded operator from HP to HY.

The following lemma will be used in the proof of cases (i), (ii) and (iii).

Lemma 6. Suppose that 0 < p < oo and let pu be a positive Borel measure on [0,1)
which is an 1-logarithmic 1/p-Carleson measure. Let f,, (0 < b < 1), be defined as
in (3.2.9). Then

lim Folt) du(t) = 0. (3.4.1)

b—1— [071)

Proof. For 0 <t < 1,set FI(t) = p([0,%)) — p([0,1)) = —u([t,1)). Integrating by
parts and using the fact that p is an 1-logarithmic 1/p-Carleson measure, we obtain

fo(t) dp(t) = f,(0) u([0,1)) + /0 (&) ([t 1)) dt. (3.4.2)

[0,1)

Using that p is an 1-logarithmic 1/p-Carleson measure and the fact that bt < b and
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bt <t (0 < bt <1), we deduce
(1 —0b)YP(1 — )P

/ ) di< C '
[, omtemas o [t
P L O R S L —b)r(1—t)/r
_0/0 dt + C/b dt

(1—bt)r " log % (1—bt)r " log &

b 1 _ \1/p
<C(1-b)lP / dt + ¢ - / (=07,
o (1—1¢) )ty

»Hlog & (1—b log 15

dt

—I(b) + II(b).

Now, it is a simple calculus exercise to show that I(b) and I1(b) tend to 0, as b — 1.
Using this, the fact that lim,; f,(0) — 0, and (3.4.2), we deduce (3.4.1). O

Proof of Theorem 25 (i). Suppose that H, is a compact operator from H? to H'.
Let fp, (0 < b < 1), be defined as in (3.2.9). Let {b,} C (0,1) be any sequence with
b, — 1 and such that the sequence {H,(f;,)} converges in H' (such a sequence
exists because supg -, || fo]|#r < 0o and H,, is compact) and let g be the limit (in
HY) of {H,(f,)}- Then H,(f,) — ¢, uniformly on compact subsets of D. Now, by
Theorem 20, we have

0 < Hy(f,)(r) = Il gy < L

< fo, () du(t), 0<r<1.
[0,1) 1—1rt 1—r [0,1)

Since H,, is continuous from H? to H', i is an 1-logarithmic 1/p-Carleson measure.
Then, by Lemma6, it follows that g(r) = 0 for all » € (0,1). Hence, g = 0. In this

way we have proved that
H,(fy) =0, asb—1, in H'.

Arguing as in proof of the boundedness (Theorem 21 (ii)), this yields

p([b,1))log 75
1m
b—1- (1 — b)l/p

= O’
which is equivalent to saying that p is a vanishing 1-logarithmic 1/p-Carleson mea-
sure.

Suppose now that p is a vanishing 1-logarithmic 1/p-Carleson measure. Let
{fn}22, be a sequence of functions in H? with sup || f.||z» < oo and such that

fn — 0, uniformly on compact subsets of D. For 0 < r < 1, let us write

dpir () = Xr<pz<1(t) dp(t).
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Since p is a vanishing 1-logarithmic 1/p-Carleson measure, lim,_; K, 1 (p,.) = 0.
’p

This together with the fact that f, — 0, uniformly on compact subsets of D gives

that

1
lim / ) 19 du(t) = 0 for all g € VMOA.
n o 0

Using the duality relation (VMOA)* = H' as in the proof of Theorem 21, this
implies that H,(f,) — 0, in H'. So, H,,: H? — H' is compact.

Parts (ii) and (iii) can be proved similarly to the preceding one. We shall omit
the details. Let us simply remark, for the necessity, that if 4 is a vanishing i + %—
Carleson measure, then it is an 1-logarithmic 1/p-Carleson measure and then we

can use Lemma6. O

Proof of Theorem 25 (iv). Suppose that 1 < p < oo and 0 < ¢ < p. Looking at the
proof of parts (ii) and (iii) of Theorem 23, we see H,, applies H? into H? if and only
if:

2pq’

e Hv+ is continuously embedded in L?(du), in the case 1 < ¢ < p.

e H? is continuously embedded in L!(dv), where dv(t) = log -1 du(t), in the
case ¢ =1 < p < 0.

Now, using the results in Section 3 of [14], we see that when any of these embeddings
exists as a continuous operator, then it is compact. Then arguments similar to those
used in the boundedness case can be used to yield the compactness. We omit the
details. [J

3.5 Schatten classes.

Before presenting the proof of Theorem 24 let us recall some definitions which
connect the operator H, with the classical theory of Hankel operators.

Given ¢(€) ~ 372 B(n)é™ € L*(T), the associated (big) Hankel operator
H,: H* — H? (see [64, p. 6]) is formally defined as

Hy(f) =1—P(ef)

where P is the Riesz projection.



76 Chapter 3. A generalized Hilbert matrix acting on Hardy spaces

Moreover, if u is a classical Carleson measure, Nehari’s theorem implies that (see
(64, p.3 and p.42]) there exists p, € L>(T) with p,41 = pu(—n), so

Hu(f)(2) = Hu()(0) = Hy, ()(2).

In particular, 7, is bounded on H? if and only if H,, : H> — H? is bounded, that

is, if and only if p is a Carleson measure. Finally let us observe that,

(I — P)( Z ins12"

Proof of Theorem 24. Tt follows from the above observation [64, p. 240, Corol-
lary 2. 2] and [64, Appendix 2.6] that H,, € S,(H?) ifand only if h,(z) =Y 07 | pny12™ €
BP. Bearing in mind [55, Theorem 2.1] (see also [59, p. 120, 7.5.8]), [59, p. 120,
7.3.5], the fact that {u,} decreases to zero and [51, Lemma 3.4], we deduce that

2n+1_1 p
Pull5e =< Z 27" Z k/’/lk-klzk_1
n=0 k=2" Hp
on+l_q p
<SS
k=2n Hp
o0 ontl_1 P
Y|y o
n=0 k=2 Hp
We claim that
ont+1l_1 p
> A <o, (3.5.1)
k=2n Hp

Then, using again that {u,} is decreasing and the results of [60], we obtain

ontl_1

1l 522@ . <Zznp DS = Sk
k=0

k=2n

An analogous reasoning using the left hand inequality in [51, Lemma 3.4] proves
that

|1 IIBPNZkJrlp 4
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Finally, we shall prove (3.5.1). By [55, Lemma 3.1] and the M. Riesz projection

theorem, it follows that

2n+171 p 1 2n+171 1 1
k—1 o k-1 o — on(p—1)
g z SM;’(l o E z )§M£(1 2”’—1—z)A2p .
k=2mn Hp k=2"n

On the other hand, using [55, Lemma 3.1], we obtain

1 antl_g 2ntl—1
Moo 1— 2_n’ E Zk_l = E Zk:_l = 2"
k=2n k=2 Hoo

Furthermore, using a well-know inequality, we deduce that

1Tt 11\ 1 et
(1= X # ) 5 (gmgm) M (1-m X

k=2" k=2n
1 —l/p ontl_1q

< | — Zkfl

~Y 2n 9
k=21 Hp

n p
that is, |32, 21" > 270—1 which together with (3.5.2) implies (3.5.1).
HP

This finishes the proof. [J
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