Question 1

We are interested in developing a model of how deep a ball of mass m and radius r will penetrate
into sand if dropped from some height above the sand. We make the following assumption:

e Sand is like a fluid, flowing freely, and obeying Pascal’s Law for pressure as a function of
depth, with a pressure of 0 on the surface.

e Any buoyant forces of the sand on the ball are negligible.
e The force of gravity on the ball is negligible compared to the primary resistive force.

e The depth d the ball will penetrate is much smaller than the height H from which the ball
was dropped. However, d > r, the radius of the ball.

We then consider the following three possibilities for a frictional resistive force that is

a. proportional to the static pressure of the sand on the ball, F' o« P, much like kinetic sliding
friction; or

b. proportional to the speed of the ball v as it moves through the sand, F' o« v, much like a
viscous retarding force; or

c. a hybrid model proportional to the speed of the ball as it moves through the sand but also
proportional to the pressure of the sand on the ball.

For each case, develop a formula to predict the depth d that a ball will sink if it is dropped
from a height H above the surface of the sand. Your answer only needs to indicate the functional
relationship between d and H.

An experiment is performed; that experiment yields the following data points:

H (meters) | 0.7 14 29 46 58 59 6.2
d (meters) | 0.27 0.31 0.39 0.44 048 0.46 047

d. By sketching an appropriate graph determine which model (or models) is most likely.

Solution

The pressure of the sand at depth y will be given by pgy, with p the density of the sand. Positive
y is directed down. The kinetic energy of the ball just before it enters the sand will be given by
mgH; the velocity of the ball just before it enters the sand will be given by vg = /29 H.

a. We assume F' = k1 P, where k7 is a constant. Then
F = kipgy

It is easiest to balance energy. The work done by the sand is then going to be

1
W = /F dy = §k1pgd2
Equating this to the potential energy of the ball, we arrive at
doc HY/?
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Question 2

A student constructs a simple heat engine that consists of a cylinder and a piston. She designs
a cycle that has four processes: (A) isothermal expansion, (B) adiabatic expansion, (C) isother-
mal compression, and (D) adiabatic compression. The isothermal processes are done in contact
with large heat reservoirs; at temperature Ty for the expansion and at temperature T for the
compression.

Instead of filling the cylinder with an ideal gas, she first evacuates the cylinder, and then adds
a small amount of liquid. Since To < Ty < Tiritical, the critical temperature, some of the liquid
evaporates and fills the cylinder with vapor. At all points in the cycle there is some liquid present;
there is also vapor present, and except for the fact that the vapor can condense into liquid, we shall
assume the vapor is an ideal gas. Finally, the liquid and vapor are always in thermal equilibrium,
but assume that the volume of the liquid is at all times negligible compared to the volume of the
vapor.

a. Sketch a PV diagram for this process.
b. Calculate the efficiency for this cycle, in terms of Ty and T¢.

c¢. The condition for thermal equilibrium between the liquid and the vapor is given by
1 1
— (VidP — §idT) = — (V4dP — S,dT’)
ny ng
where the subscript [ refers to liquid, and g refers to the vapor state; n is moles, S entropy,

V volume, P pressure, and T temperature. Continuing with the assumption that V; ~ 0, and
that the vapor is an ideal gas, derive an expression for

i. dP/dT in terms of the latent heat of vaporization per mole L,, the volume of the cylinder
V', the temperature 7', the number of moles of vapor n, and any relevant fundamental
constants; and

ii. P in terms of T, L,, any relevant fundamental constants, and a reference pressure and
temperature Py, Tp.

Solution

a. The process is shown below. Since the vapor coexists with the liquid, any isothermal line is
also a isobaric line. There is no easy way to determine the exact shape of the adiabatic line.

V
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Question 3

A circuit is wired in the shape of a cube. There are twelve circuit elements: three identical
inductances L, three identical capacitances ¢, three identical resistances R, and three identical

The time constant of a series circuits containing L and R is measured to be 7. The time
constant of a series circuit containing C' and R is measured to be 7p.

resistanceless wires.

a. Derive an expression for the impedance of the cube as measured between corners A and B in
terms of L, R, C and an applied sinusoidal potential with an angular frequency w. You may
use complex number notation.

b. Assuming that w = 1/,/7.7R, find the impedance between A and B in terms of 77, 7, and
R.

Solution

a. Start by flattening the circuit! Redrawn, it looks like

Ay
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Question 4

A cannon is effectively a gently tapered cylindrical tube with a cylindrical bore. We can model the
cannon as having an inner radius r, and outer radius R(z) that depends on the distance from the
end of the cannon bore. We choose R(x) to be as small as possible so that the cannon does not
explode from the pressure of internal gases.

We will consider a cannon barrel that has length L > r; and we will write the initial position
of the cannon shot as Lg. For x < Ly, the outer radius of the cannon is Ry. This cannon is made
of a metal with a tensile strength of o, a measure of the maximum pulling force per unit area that
the metal can support without tearing. The cannonball is made of a metal of density p.
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When the explosive charge is set off, it instantaneously creates ng moles of an ideal monatomic
gas at a temperature of Ty in the space behind the cannonball. Ignore friction between the can-
nonball and the walls of the cannon and assume that the cannonball moves so quickly out of the
cannon that no heat is exchanged between the expanding gas and the cannon or cannonball. For
convenience, assume the cannon is fired in a vacuum; to avoid confusion, you ought write the ideal
gas constant as 2.

a. Find an expression for Ry in terms of ng, Ty, Lo, r, o, and any relevant fundamental constants.
b. Find an expression for R, in terms of x, Ry, r, Lo, and any relevant fundamental constants.

c. Find an expression for the kinetic energy given to the cannonball as a function of ng, Ty, Lo,
L, and any relevant fundamental constants.

d. A reasonable approximation to the cost of a cannon is to assume that it is proportional to
M = LR%. Ignoring tapering, find the maximum kinetic energy that can be given to the
cannonball in terms of ng, Ty, o, M, and any relevant fundamental constants.

Solution

a. From the ideal gas law, we have the pressure behind the cannonball as

PoVo = noRyTh
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Question 5

A simple model for nuclear fission is to treat the nucleus as a charged liquid drop that splits in two.
The liquid has a constant density d, a constant charge density p, and a constant surface tension
«. Originally the drop is spherical with a radius R and charge @Q; by adding some energy (in the
form of shape oscillations) the large drop splits into two identical smaller droplets that then move
apart. The first four parts of this question expect ezxact result; the purpose of the last five parts is
to develop a reasonable approximation to an otherwise very difficult problem.

O CO

—~— B ——

X X

O
Q@ @© OC

B ] B —
X

X

The figure shows the large drop (darker curve that evolves into an ellipsoid) as the effective
center of the two daughter droplets move apart. The daughter droplets can not actually overlap;
the excess fluid must rearrange itself around the outline of the two droplets.

a.

Exactly calculate the electrostatic potential self energy of a uniformly charged spherical drop
of charge ) and radius R and any necessary fundamental constants. Call this energy U,

. Exactly calculate the electrostatic potential self energy of one of the daughter droplets in

terms of U,

. Exactly calculate the surface tension energy of a spherical drop of surface tension « and radius

R and any necessary fundamental constants. Call this energy Uy,

. Exactly calculate the surface tension energy of one of the daughter droplets in terms of Uy

. Sketch an approximate graph of the electrostatic potential energy of the system as a function

of x, the distance between the centers of the two daughter droplets.

For this graph, and the two following graphs, make sure to clearly indicate the
functional form of any relevant straight lines or curves, values of intercepts or
asymptotes, and the distance x; when the two droplets are just touching.

Sketch an approximate graph of the surface tension energy of the system as a function of z.

Sketch an approximate graph of the total potential energy of the system as a function of x.

. Estimate a minimum energy of required so that the single drop would split into the two

smaller droplets.

. Estimate the minimum ratio of U, /U, so that the drop is stable under spontaneous fission.
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